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ABSTRACT

o g0

This dissertation treats analytically the dynamics of passively
damped, gravity stabilized artificial satellites. Methods are devised
to analyze the following phases of satellite evolution: (1) tumbling
motions after launch, (2) capture into a bounded libration motion,

(3) stability of equilibrium solutions, (4) damping of the libration
motion. These methods are applied to three typical satellite designs
of current importance: Vertistat, Beam, and TRAAC.

The results of the specific analyses of passively damped satellites
show that the methods are capable of handling non-linear problems of
considerable complexity. The methods tend to give much insight into
the qualitative behavior of systems; they also provide useful numerical
data with only hand computation.

Pagsive damping techniques are evaluated on the basis of the
transient response of several specific designs. Certain conclusions

about physical structure are drawn from the response formulae.
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CHAPTER I: INTRODUCTION

A, PASSIVE SATELLITE ATTITUDE CONTROL

In the design of spacecraft there is considerable need for attitude
controls which are very reliable and simple with a high probability of
long life, but which do not necessarily control the attitude to a high
accuracy. This requirement can often be satisfied by mechanical dampers
that do not involve man-made energy storage, generation, or conversion
devices; these are called passive satellite attitude control systems.
This dissertation is in large measure directed toward a better under-
standing of the dynamics of such systems.

There are many kinds of passively=-stabilized space vehicles, in=-
cluding, spin-stabilized vehicles, gravity-gradient stabilized satellites,
and magnetic~field-oriented satellites., In each of these a physical
phenomenon gives position stabilization which, when coupled with a
damping device, leads to convergent, stable motions. The various damp-
ing devices adopted usually depend upon the dissipation of enefgy,
either due to friction between moving parts or to the interaction of a
field (e.g., magnetic) with the satellite.

This dissertation will focus attention upon the motions of the very
useful gravity=-gradient stabilized satellites and upon the methods of
damping their motions., These satellites tend always to point the -same
axis toward the center of the earth; the same physical effect causes
the Moon always to turn the same face toward the Earth.*

The history of investigation of gravitational effects upon a rigid
body dates to Newton, who first realized that both the "precession of
the equinoxes’ and the attitude motion of the Moon (lunar librations)
could be explained on the basis of the gravity-gradient torques exerted

on a body in the natural gravity field. The problem of rigid body

*k
The gravitational effect on bodies can be understood by consider-

ing a single rigid body in a Newtonian force field and noticing that
separate particles of the body experience different forces (because of
their differing distances from the center of attraction); this causes
torques on the body and these torques may be used for the stabilization
of the body's attitude.

-1-



motion under the influence of gravity torques has been well known since
Newton (TISSERAND 1, LAGRANGE 2, ROUTH 1, PLUMMER 1) but the investi-=
gations were of a very special nature, dealing with a small class of
bodies performing motions of a type known by prior observations. The
objective of most of the ancient investigations of attitude motion was
to verify the universal law of gravitation with high accuracy; those
calculations, therefore, tended to be characterized more by precision
than by the diversity of phenomena studied qualitatively.

Modern investigations are more concerned with systems consisting of
several connected bodies, performing much more general motions which
only need be predicted approximately. The history of the various
developments of satellite attitude control devices until 1962 is out=
lined in the dissertation of D, B, DeBra (DEBRA 1) and in the WADD
report edited by R. E, Roberson (ROBERSON 1).

The first known analysis of a passive control device using externally
joined or connected bodies is that of J. V. Breakwell (BREAKWELL 1),
who by early 1954 had analyzed the attitude motions in orbit of a pair
of rigid bodies connected together by a torsion bearing having viscous
friction. This particular design was called the "hinged satellite"
and was patented by Breakwell and R. E, Roberson. The design is cer-
tainly similar to those vehicles now called "vertistats." Breakwell
analyzed the transient motion and the forced motion excited by a nearly
circular orbit; he found that the motions could be damped under certain
stability conditions and that, for certain settings of the parameters,
"vibration absorption" could be achieved in such a manner that the "main
body" would stand still while the second body moved in response to the
orbit excitation, This analysis, which has not been published in the
literature, stimulated parts of the present work,

Since about 1959 there has been considerable effort directed toward
the problem of passive gravity stabilization using connected systems of
bodies. One of the earliest investigations in this period was that of
R, E. Fischell, et al., at the Applied Physics Laboratory of the Johns
Hopkins University (FISCHELL.1l, FISCHELL 2, FISCHELL 3). Fischell

developed two designs which were both orbited. These use a limber spring
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for damping (elastic hysteresis) as well as ferromagnetic damping rods.
Kamm (KAMM 1) suggested the '"vertistat" design which was later investi-
gated by Tinling and Merrick (TINLING 1) and by Bell Telephone Laboratories
engineers (FLETCHER 1, PAUL 1), The ''vertistat" design, similar to
Breakwell's "hinged satellite,"looks quite promising. These designs

and others are discussed in detail in Chapter VII,

B. PROBLEMS REQUIRING DYNAMIC ANALYSIS

One convenient way of illuminating the dynamical problems in
designing a passive attitude control system is to consider the evolu-
tion of a particular satellite from launch to death. This evolution
takes place in the following phases: (1) launch and separation of the
satellite from the final stage booster rocket, usually in tumbling
motion, (2) decay of the tumbling motion either by internal dissipation
or by special momentum removal devices, (3) "acquisition" or 'bapture"
of the libration region == the beginning of librations, (4) damping of
the librations to a stable equilibrium point, (5) steady=-state motion
about equilibrium in response to torque and force disturbances (occa-
sional tumbling due to meteoroid impacts), (6) death of the satellite
because of component failure or orbit decay. Phases (2)=(5) each imply
a need for particular techniques for analysis of the salient features
of the motion,

The initial angular rate after launch may be such that the satellite
tumbles, i.e., one or more of the body angular rates has a constant or
slowly-decaying component., The vehicle design may incorporate some
special scheme for damping the tumbling motions or may employ the
passive attitude control system for this purpose. If the latter method
or a combination of the two methods is adopted, there arises a problem
of analysis, whether or not a computer is used, because the equations
of motion are non=linear and the machine times for direct integration
can easily become excessively long, A method of perturbation analysis
is developed in Chapter IV using the "high" pitch tumbling rate approxi-
mation as a generating solution. This leads to some interesting results
and begins an essentially new line of analysis in this phase of satel-

lite dynamics.
3=



The libration motion after 'Eapture" is analyzed in Chapter VI
using a light-damping approximation which is quite valid for passive
attitude control systems of interest. This approximation allows use
of an energy method which handles non-linear damping forces. The
method is especially convenient and effective for approximating the
effects of elastic or magnetic hysteresis forces,

The stability of the equilibrium points of the equations of motion
is investigated in Chapter III by employing Lyapunov's direct method.
This application leads to a method of determining asymptotic stability
for mechanical systems with damping and gyroscopic forces. The regions
of "capture" are also rigorously established using a technique based
upon Lyapunov's method.

The effectiveness of an attitude control system in steady-state
oscillation is determined by a small-oscillation analysis of forced
motion due to disturbances. In case the disturbances are "1arge" the
linear methods break down and possible instabilities may occur, giving
rise to large excursions away from equilibrium. A large-oscillation
analysis of the equations of motion of a rigid body in an eccentric
orbit about an oblate body was carried out by DeBra (DEBRA 1) using
digital quadrature. At the present time the only effective technique
for investigating the large-amplitude oscillations of satellites seems
to be digital quadrature.

Connected vehicles, i.e., vehicles with rigid or elastic members
Jjoined to a main body, are quite useful for obtaining stabilization
and damping of gravity-gradient satellites, Chapter II discusses
methods of writing the equations of motion and the energy expressions
in a very convenient manner, using general vector expressions encompas-
sing arbitrary systems of bodies with gravity forces acting. The
analysis of several important specific connected satellites using
passive stabilization is carried out in Chapter VII, The methods

outlined above are used to advantage in the analysis of the examples.




C, CONTRIBUTIONS

In this dissertation the author will present an exposition of some
significant problems affecting satellite attitude control using passive,
gravity stabilization and achieving damping by means of connected sys-—
tems of bodies. New methods of analysis will be presented to cope with
certain of the problems. There are a number of essentially novel
examples which both illustrate the analytical methods and lead to con-
clusions of engineering significance. It is hoped that a proper mix-
ture of general techniques and examples will expose the salient features
of the problem of passive attitude control in an effective way.

The following are the major contributions of the dissertation:

1. A discussion of the dynamics of satellites consisting of con-
nected bodies is given. General vector expressions for the equations
of motion are presented, and the energy relations for arbitrary satel-
lite systems of bodies under the action of gravity forces are given.
(Chapter II)

' 2., Examples of connected, passive, gravity-stabilized satellites
are analyzed to determine their usefulness and properties, and also to
illustrate certain analysis procedures. An example of a flexible body
under gravity forces is given. (Chapter VII)

3. New methods of analysis are devised and applied to the above
examples. These methods include: (a) a technique for approximating
the motion of a tumbling satellite with internal dissipation, (Chapter
IV), (b) a perturbation approximation for light non-linear damping
based upon the undamped motions (Chapter VI), (c) an application of
Lyapunov's stability theory to mechanical systems with damping, and a
detailed discussion of the available methods for treating satellite
stability and capture problems. (Chapter III)

4, A complete solution of the stability problem in the large for
the symmetrical satellite under gravity forces is presented to illustrate
the techniques of stability theory as they apply to satellite mechanics,
(Chapter V)



CHAPTER II: EQUATIONS OF MOTION AND ENERGY THEOREMS

A, INTRODUCTION

This chapter contains general theorems useful in the mathemétical
description of satellite motion. These theorems place the general
equations of particle motion in a form convenient for describing sys-—
tems of bodies.

There are two distinct methods of deriving the equations of motion
of a mechanical system: (a) the vector method based directly upon
Newton's laws of motion and (b) the Lagrangian or energy method based
on the principle of virtual work or Hamilton's principle. Each of
these methods finds application in this work, but usually the Lagrangian
method is preferred because of the automatic elimination of holonomic
constraints. Often, however, the ease of conceptualization and mani-
pulation of the vector method makes it superior. Vectors are used to
great advantage in this chapter for both the Newtonian equations of

motion and the energy expressions.

B, THEOREMS ON SYSTEMS OF RIGID BODIES: ENERGY THEOREMS

Because the use of Lagrange's equations implies a need for the
kinetic and potential energy expressions, the energy expressions will
be derived here for systems of bodies in a gravitational field. Two
forms of these expressions will be given, one in which energy is ex-
pressed in terms of vectors from the system center of mass to body
centers of mass, and one in which energy is expressed in terms of
vectors from the center of mass of a 'main" body to other body centers
of mass. The latter expressions are very useful in subsequent appli-
cations,

Consider a system of particles with center of mass at a point C
described by a vector BF with respect to a Newtonian reference frame

/*(’as in Fig, 2.1. This system of particles is split arbitrarily into
sub-systems Ba (¢ =0,1,...,N). Each sub-system, Ba, has a center
of mass described by a vector ECt originating at C, The particles
of B, are of mass dma(ga) located by a vector p” with respect

to the center of mass of Ba.
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FIG, 2.1.

GEOMETRY OF A SYSTEM OF PARTICLES



These facts are summarized by relations defining the cemters of mass:

c: ¥m =o0
- o
(2.1)
Ko
B : =0
a dma ﬁ
B
o'
where
M= Z dm = Zm
a a
(07 B o
o (2.2)

The integrals are to be taken in the Riemann<Stieltjes sense, If
ma(gg) is differentiable then dma can be expressed as D(Qg)dv(BQ)

where D(Qa) is the density at Eq and dv 1is the volume element at

04
0

We may now write down the kinetic energy expression

2
1 ] *Q °
T= 3 ZE: J/i{g + R™ + efx)’ dmana)
a B
< (2.3)
M
T = 5 (R7)" +

*C.\2 1 * Q2 1 Q2
i L Zma<5)+2 Zf(g)dma
o Ba

o

Here BF is the vector distance from the origin of A/ to the point C,
The dots denote differentiation with respect to time in inertial space
()V( ~frame). The second of (2,3) follows from the first using the

definitions of the centers of mass given by (2.1) and (2,2).
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It can easily be shown that the gravity potential energy of the

entire system of particles is

k dma(ga)
V= - Z p o > (2.4)

04

Expanding the denominator of (2.4), keeping terms up to order (997!5?,)2,

we get

V=- L + k ‘{ - % tr/&

+
njw
>
wﬁ
>
wO
\—\(_.J

E T
(2.5)
SR N A § 3 fe . e
+ |R°|3 ZQ {: > tr K + 5 R® . ® . R }
ha a
where the dyadics AA and ﬂg are defined as
A
A = Zm [(Ro‘)z 1-~r% Ra]
a — — —
@ (2.6)
: A
= J[dma ifg?)z 1« p” ga]
B/\l
(04

These are the moments of inertia which will be important throughout

this discussion, Here the notation R means the unit vector gc/lgfl,

tr means the trace of the dyadic following and 1 is the unit dyadic

or idemfactor., {The theory of vectors and dyadics is given in GIBBS 1.)
The above expressions for T and V refer to the vectors Bg

and therefore describe the system most naturally in coordinates relative

to C, It is often useful to use coordinate vectors with their origin

at one particular body. Call this body BO and the location of its

center of mass, B?. It can easily be seen using (2.1), (2.2), (2.3),

(2.5), etc., that



n|=
~~
.
o]
S
&

<
i
1
+
w
Ql.\/]
f"H
)
(S
o
H
+
N o
>
Q
:b
=
[¢]
—

| | |r°)®
(2.8)
k 1 1R 3 3¢ .TR e
+ IRc;3 }: Paﬁ-{ > tr o + 2 OB « R :}
- Q,B
where the tensor\ﬁ? is defined as
ap
a0 _po A o0 _BO
= «+ R""1 «RT R (2.9)
aB - — - -
and the matrix PaB' called the 'reduced mass matrix," is defined as
m m
ap
P = -
of mocaoqs M
5 . = 1l = B) (2.10)
op p

i

ola # B)

It is seen, then, that the expressions (2,7) and (2,8) constitute
another way to write the equations of T and V, which is useful in

certain cases,

C. THEOREMS ON SYSTEMS OF RIGID BODIES: VECTOR EQUATIONS OF MOTION

The equations of motion of a system of rigid bodies may usefully
be written directly from considerations based on Newton's second law
of motion, In this section equations are written using the two forms

of expression given in the preceding discussion of energy.




It should be pointed out that forces of constraint must be included
in the equations of motion and eliminated algebraically. This is not
so in the Lagrangian method for holonomic constraints (LANCZOS 1,
pp. 80-86).

Using the definitions of (2.1) and (2.2) it is desired to describe
the dynamics of a system of orbiting rigid bodies in terms of vector
equations of motion derived from Newton's second law of motion for each

particle which is, for a mass dma and force dg@,

am (F° + B + 5% = ar%™ (2.11)

If we sum over all particles and bodies, we get, by the definitions

of centers of mass,

ME® = F = Z fdgo‘ (2.12)
a B,

This gives the center of mass motion or the orbit motion; there are
three scalar equations implicit in (2,12).

Integrating (2.11) over Ba only, gives

m (B + B = 5% = f ar®

a (2.13)

|

o m
n R =Eoc_ (o]

There are N+1 bodies and therefore (2,13) represents 3N+3 scalar
equations of motion,

Taking moments around C, we get, after summing over all particles,

Z f am (B% + o) x (F + B¥+ 3D
a B

= E; v/‘(ﬁq + Eg) X dgg i

B
o o
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Using the definitions of the centers of mass we get

Z‘ +L=n (2.14)
where o
04 (07 QO
H =
7 e xXp dma
B
[0
L = Z m R x R
5
DA =

Jrgg X dgq + }Z Eg X dgg
B

(07 o (07
Vector equation (2,14) represents three scalar eguations,
The remaining equations are obtained by taking moments about the

center of the mass of each body giving

éa = Ia = f Ba X d_]_i‘_a (2.15)

B
(0]

Equations (2,12=15) give us 6(N+1) + 3 equations for N+1 rigid
bodies (and/or particles),
It remains to calculate the expressions implied in the above equa=

a 0 0
tions for vectors R = g% + R°, This process, using the matrix P__,

gives
o Fm

X Pop "0 = 5% - — ' (2.16)

B
or

my

R - ZP;; (FPa ME ) (2.17)

where @




The vector 590 is the radius vector from the center of mass of Bo
to the center of mass of Ba. Equation (2.17) is more convenient for
numerical integration and only requires one inversion of an N x N

matrix P . Also using PbB we may write

of
L= z POtB an X :BO (2.18)
Q,B

For the cases where gravity forces and torques are important we
may calculate these effects on the bodies., For each particle we have
a force
kmOl[Bc + Ea + _Qa]

dFa =

o CEr Tl

(2.19)

using the binomial expansion of the denominator of (2.19) and keeping
2

only terms up to order (d/lg?l) (where d 1is the largest linear

dimension of the system of particles and rigid bodies) we get for the

various forces and torques

F o= - iMS Ec
€ |R®]
N
- g || 8
fuld R=0
1 = 3k3 R x 1@ - R® (2.20)
g IEC' ,
Q. 3k Cc ~c
M = T + R x * R
-2 z -8 C|3 A

It
Q™
TN
pjO w
— | =
w
>
[¢]
»®
>~
Q"U
=
Q
oW
= I
[¢]
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We see that the subscripts g denote the gravity parts of the total
forces and moments acting, We get the complete equations of motion by
combining (2,20) with (2.12-18).

In summary the equations of motion of the system of bodies of

Fig, 2.1 are (sums over «, B,y = 0,1,2,...,N):

Center of mass motion (3 equations),

MRS = }: F* = - KM pe (2.21a)
- - —applied c -
|R”|
a 2
Moments about each body center of mass (3(n+l) equations),
i L ). S L G T (2.21b)
- - —applied IRCIS
Moments about composite center of mass (3 equations),
I.‘Ia+L=M—M
- - - —applied
(2.21¢)
3k Zc S? o fR ~c
P .
lRC[S b9 I + }; O@I of R

Relative motion of body center of mass with respect to main body (3 N
equations),

m
. ) 5l P By
B op applied
(2.21d)
Kk -1 10 c.c  ~
P . R -
+ lRCI3 E; s PBY R (3R 1
- BT
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In total there must be at least 6(N+1) equations to describe
the motion of (N+1) bodies. We have, including all the previous
equations, 6(N+1) + 3 equations of motion. This means we can view
three of these as redundant. This fact allows a freedom of choice of
mathematical description; all the 6(N+l1) + 3 equations will be sat-

isfied, however, if 6(N+l1) equations are satisfied.
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CHAPTER III: CONCERNING THE STABILITY THEORY OF MECHANICAL SYSTEMS

A, INTRODUCTION

The concept of stability is an intuitive one to most people who
care to reflect upon it. Since it is quite intuitive, it might be
expected that the history of stability theory would be old; this is,
in fact, quite true, Lagrange observed that stability of a mechanical
vibration can be determined by observing the behavior of the potential
function near an equilibrium point. He deduced that a sufficient con~
dition for stability of such a system is that the potential be minimum
at equilibrium. Dirichlet (LAGRANGE 1) proved this theorem rigorously
and Thomson and Tait (THOMSON 1) indicated an extension to systems
with dissipation, Poincaré'(POINCARéll) used these theorems to dis-
cuss problems in celestial mechanics using his bifurcation theory.

It remained, however, for Lyapunov (LYAPUNOV 1) to rigorously state

and prove the main theorems of this energy approach to stability.

His treatise appeared in 1895 and set the stage for more recent in=-
vestigations by Russian and American mathematicians (MALKIN 1, CHETAYEV 1,
KRASOVSKII 1, KAIMAN 1, LEFSCHETZ 1), In summary, the main ideas of
stability theory are intuitive and old, but their rigorous incorporation
into mathematics was largely due to Lyapunov and Poincaré about 1900.

In recent years engineers in the automatic control systems field
(KAIMAN 1) have found the stability theorems of Lyapunov's direct (or
second) method to be useful., Application of the method to actual
problems has been impeded by the difficulty of constructing certain
functions, This difficulty can be circumvented in mechanical systems
by choosing the Hamiltonian function as a Lyapunov testing: . function,
This is usually the same as choosing the total energy except in certain
systems involving rotating or cyclic coordinates. It happens that these
are the systems of interest in space dynamics problems and therefore
a clear understanding of how easily to apply Lyapunov's direct method

to the multiplicity of space dynamics problems has not been common,

-~16~




This chapter attempts to give a clear exposition of the application
of Lyapunov's direct method to mechanical problems, This includes a
theorem on damped systems which is very useful and which leads to
certain results in the automatic control of mechanical systems, The
testing of a function for positive definiteness is discussed because
it is crucial in application of the basic theorems, In this connection
the bifurcation theory of Poincaré is introduced in a simplified form,
a form which is nevertheless sufficient for the present purposes.

Examples of the application of the theory are given in connection

with the material of Chapters IV, V, and VII,

B, THE EQUATIONS OF MOTION IN MECHANICS

The equations of motion of a mechanical system take a very special
form, a form elegantly expressed by Hamilton's canonical equations. Let
us describe the system by a state vector x, valid in a region R,

This state vector has components (pl,pz,...,pN,ql.qz,...,qN) and
describes the motions completely. If x 1is given at some initial
time, then, given forces Qi acting on the system, the motion of

x(t) is determined uniguely for all subsequent instants,

The equations of Hamilton are

b= B oLg
1 5 1

% (3.1)
éi - (i =1,2,3,..0,N)

Op

where H = H(p,q,t) is a scalar called the Hamiltonian, If the sys«
tem is described in terms of a kinetic energy, T, and a potential

energy, V, the Hamiltonian is defined as

H = jz p.qg. = L (3.2) -



where, L =T - V is the Lagrangian. L is to be viewed as a func-

tion of q and q and p; = 6L/oéi. The space of P, is called

"momentum space' and the space of q; is called "configuration space."
It is important to calculate the total time derivative of the

Hamiltonian, This is from (3.1) and (3.2)

N
s _ OH OH . OH -
H= §¢ ¢ Z So. 4t 3p. pl}
. 1 1
i=1
(3.3)
N
. aH L]
H = 5; + Z Qiqi
i=1

The term OH/O0t is due to time varying parameters in H and the term
N

}j Qiqi is the power into the system by forces not included in the
i=1

Hamiltonian, This second term can be written

RS
. —— q.
a; 1

™1
H<O
O .
-
i
1
lﬁk
Q| &

k
where F is the force on the "k-th particle" and Ek(q,t) is the

position vector of the "k-th particle" in inertial space coordinates.

The energy theorem for the inertial space representation is E =T 4 V =

o ék, where ék = agk/at + }: (aﬁf/éqi)qi is the velocity.

k i
If the system is represented in terms of a coordinate system a

k
that depends on E# by a relation, R = Ek(q,t), that is an explicit

function of time, then we may write

.. SR
E-H= ZFk-g?— (3.4)
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and, integrating,
o, X
E~H= fZg°;Tdt (3.5)
k

we see that E <« H is a non=zero function of time, in general. This
means that when using generalized coordinates, Q0 to describe a

system's configuration, we must distinguish between E and H,

C. THE NATURE OF THE HAMILTONIAN IN MECHANICS

It is important to investigate the properties of the Hamiltonian,
H, in mechanical systems problems, Because certain momenta are con-
stants of the motion (BL/aqi = 0; p, = aL/B&i), and because we may

use rotating coordinate frames, the kinetic energy often takes the

form (Appendix A)

N N
l L L4 ]
T= 3 { Z Ocqujqz + z zajq:i + v(a) } (3.6)

J,f=1 Jj=1
where the 033' Bj, Y are functions of the qj only and Bj' v are
"gyroscopic" terms. If we form H using (3.2) and (3.6), we get
N - -~
1 v e b e |
H= -— K . + v Ll 3.7
2 Z Qy,4,9, [ (a) 5 (q)J 3.7
Js4=1

If we define the following terms

N
_ —1_ ‘_‘ ° °
T2= 2/ %5%4%
Jel=1
N
T. =
1 Z B39;
J=1
1
T0 = 3 T(Q)




(3.7) becomes (T =T + T

5 , TO)

H = Tz + U (3.8)

A
U is defined as U=V - TO and is called the "dynamic potential."

It is important to note that

— = " .9
E~H T1+2T0 (3.9)

This means that there is a difference between E and H that varies

in time for ''gyroscopic' systems (see result of (3.5)).

D. THE DIRECT METHOD OF LYAPUNOV

We are concerned with stability about a point of equilibrium de-
fined by the vector X, and the equation of motion, 2(50) =0.*
This is a possible motion for the system of (3.1), and it is disturbances
about this motion that we wish to investigate. It is proper to intro-
duce the definitions of stability here and then discuss them later.

A system is said to be stable if it obeys (3.1) and whenever, given
any € > 0, there is an n(e;to) > 0 such that if for a motion
Flx(t ;1) :: have Hg(to) - 50” < 7n then “Q(z(to);t) - §0H < ¢ for
any t > to.

This definition means that, given any subregion Ré::R, we can
always find a small enough initial condition so that the solution, g,
remains in Re' If we cannot find such an initial condition the motion
is said to be unstable, If the choice of n(e;to) is independent of
to, then we say the system is uniformly stable, The motion is said to
be asymptotically stable if it is stable and if in addition
Hg(g(to);t) - Eo” -0 as t - «,

It is necessary to define a ''positive definite'" function. If a scalar

function of the state vector, W(§), obeys the following relations in a

region S: (@) W(x=10) =0, (b) Wx) >0 (x| # 0

*k .

The equations of motion (3,1) are written X = £(§)'
*ok .

Q(E(to);t) is a "motion," x, of x = f(x) startingat t=t_,

x=x(t ) = Q(g(to);to).

=20~




it is called positive definite in S. If it obeys (a) and if W(x) <O
(x| # 0) it is called negative definite in S, If the function W(x)
changes- sign in any neighborhood of x = 0 and if W) =0 it is
called sign variable. If (a) holds but (b) is W(x) > 0 (||x| # 0) the
function W 1is called positive semi-definite,

With the above definitions the main theorems of Lyapunov may be
stated.
Theorem I. If for the differential equations and conditions (3.1) and
(3.2) it is possible to find a scalar function W(§), positive definite
in S« R, whose total derivative with respect to time, W, is negative
semi-definite in S then the motion g(ﬁ(to);t) is stable.
Theorem II. If for the differential equations and conditions (3.1) and
(3.2) it is possible to find a scalar function Wl(i), positive definite
in S < R, whose total derivative with respect to time, Wl is nega-
‘tive definite in S then the motion g(z(to);t) is uniformly asymptoti-
cally stable,
Theorem III., If for the differential equations and conditions (3.1)
and (3.2) it is possible to find a scalar function W2(§) such that
in R its total time derivative, Wé, is negative definite and the
function itself is sign variable or negative in R then the motion,
g(z(to);t) will be unstable.

The preceding discussion has been rather formal because it is
necessary to take care in defining the concepts involved., The proofs

of the above are to be found in Malkin (MALKIN 1), Malkin has an

excellent geometrical discussion of the theorems. It will be seen
that the functions W are energy-like functions, W1 is called a
Lyapunov function,

E. APPLICATIONS OF THE DIRECT METHOD TO MECHANICAL SYSTEMS

In the application of the direct method of Lyapunov to mechanical
or Hamiltonian systems we make use of the Hamiltonian function as a
possible Lyapunov function., This uses the intuitive idea of the
Lyapunov function as an "energy-like'' function., It turns out that H
has nice properties that make it an ideal Lyapunov function for me-

chanical systems.
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The equilibrium points of a mechanical system can be found by
applying Lagrange's equations and setting the generalized velocities
to zero (by definition of an equilibrium point). This gives the

following conditions on the qi.
5& =0 (i =1,2,...,N) (3.10)

where U=V = TO as explained in Section C,

The subsequent analysis assumes that the above equations are satisfied

by the condition qio = 0 and that the system is stationary, i.e.,

OH/dt = 0.

1. Systems with Damping

For systems with damping we can make some strong and surprising
statements regarding asymptotic stability., A system is said to have
damping if the power into the mechanical parts, P, is negative definite,
i.e., energy is always being lost except at equilibrium, This is the
key assumption of the stability theory of mechanical systems with damp=

ing. Notice that we defined

N
i=1

With the above statement as a hypothesis that is always fulfilled in
well-designed systems (natural or man-made), we state:
Theorem 1V, If for the (autonomous) mechanical systems described by
the differential equations (3.1), the power, P = ﬁ, is negative
definite in a region S of the (pi,qi) space, then the motions
are (a) asymptotically stable if H(p,q) is positive definite in S
or (b) unstable if H(p,q) 1is sign variable or negative definite in
S.

Part (a) of the theorem is proved using Theorem II and identifying

H=W Part (b) is likewise proved by letting H = W, in Theorem III,

1° 2
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It can now be clearly seen that the positive definite property of H
is necessary and sufficient for asymptotic stability if P is negative
definite,

It is therefore obvious that H is a suitable Lyapunov function
and that stability depends upon the testing of H for positive definite~-
ness. To prove H 1is positive definite we test it directly or notice

the formula (3.10) which is

This allows us to use the fact that Tz is a positive definite quadratic
form in the di based upon its definition via (3,6). The conditions
for positive definiteness of H are then satisfied if and only if U
is a positive definite function of the qi. This reduces the theorem
to a test of the "dynamic potential function," U, <for positive
definiteness in the q - The above reasoning can be stated as a
corollary to Theorem IV,

Corollary: If the hypothesis of Theorem IV is satisfied, then the
motions are (a) asymptotically stable if U(q) is positive definite
in the q; in S or (b) unstable if U(q) is sign variable or
negative definite in S.

The proof is immediate from Theorem IV if it is observed that

H = Tz(q,é) + U(q) where T, 1is a positive definite quadratic form

2
in the éi' H is positive definite if and only if U(q) is positive

definite by virtue of the fact that if all the q; are zero then T2

is zero.

2, Systems without Damping

If P=0 we call the system undamped. In this case the
expression ﬁ = 0 holds and the system is said to be conservative.
If we take H as a possible Lyapunov function we see immediately that
Theorem I gives the result that if H is positive definite then the

system is stable. The theorem on instability (Theorem II1) does not

=03



apply because of the conservative nature of the system. One may,
however, construct a function W2 and prove that if T = T2 then

the positive definiteness of H 1is necessary and sufficient for
stability but, if the system is gyroscopic, only Theorem I can be
applied. This is Chetaev's theorem (MALKIN 1, CHETAYEV 1), The
application of Theorem I to the conservative case is called Lagrange's

Theoren,

3. Bounds on the Convergence Region

While the theorems give us much useful information about
stability, the nature of the definitions of stability make such answers
of the "yes or no" variety; furthermore, the stability defined above
is only "local” in nature. Another question one must ask is: How
large is the region of convergence Sé:_S? This is a difficult question,
but we may establish useful lower bounds to Sc’ i.e., establish sets
Sé CZSc C S where we are sure to have convergence to the particular
equilibrium point in question.

Consider the equation (3.3) where P < 0, and integrate it

I:i=P
t
H(p(t), q(t)) = H(p(0), q(0)) + “/\P dt (3.11)
o
then clearly (let H(t = 0) = Ho’ H(p,q) = H)
U<H<H (3.12)

If we imagine closed, bounded surfaces of H = Ho or U = Ho and if
U and H are positive, these surfaces will enclose the equilibrium

point, p The H surfaces will enclose the equilibrium point

io’ %io”
in the full p,q-space and the U surfaces will enclose the equilibrium

in the ¢-space. These surfaces are bounds on the region of convergence
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Sc’ since if H > H0 for some fixed Ho the inequality (3.12) is
violated, leading to a contradiction, Usually the dimensionality and
other practical considerations make it expedient to use U and limit
ourselves to the configuration space. A consideration of the convex
surfaces, U or H gives a bound, Sé, on the convergence region

which is pessimistic, but nevertheless useful, i.e., SéCZ Sc’

F, USE OF THE THEOREMS ON STABILITY

The hypothesis of Theorem 1V is that the power, ﬁ, is negative
definite with respect to either (pi,qi) or (&i,qi). This hypothesis
is not fulfilled in the majority of applications but it is equally
effective for the power to be negative semi-definite if certain con-
ditions are fulfilled. These conditions amount to having the equations
of motion "coupled"; that is, every phase variable is dependent upon
the phase variables contained in the power expression. A system which

LAl

illustrates this question is the following gyroscopic" system.

w 2 .
q1 + wl q1 + hq2 =0
. + w2 q. - hq, = ~ bq (3.13"
2 2 9g 1 2
1 ,:2 -2 2 2 2 2
H = 2(q1+q2+w1q1+w2q2)
H=-=bc:1§ b > 0

2
l' wz? h9

, 1s positive

2
Here ql,q2 are the independent position variables and W

and b are parameters., Notice that the Hamiltonian, H
definite for mi > 0, wg > 0, while H is only semi-definite, i.e

it goes to zero for phase points not at the origin., Notice further

°9

that if h = 0 the system is composed of two decoupled harmonic
oscillators with damping in only one of them. Thus, in this case the

ql coordinate does not damp down but continues to oscillate as a
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harmonic oscillator while the q, variable damps down. If h # 0

the system is "coupled" and both ql and q decay to zero., These

anomalous results are directly related to thz semi~=definiteness of ﬁ.
Kalman and Bertram (KALMAN 1) have covered the above case with a theorem
(see also LEFSCHETZ 1),
Theorem V, The condition of the negative definiteness of P in Theoren
IV may be replaced by (a) ﬁ(p,q) < 0 for all P,,q;, and (b) H
does not vanish identically for motion not at the origin of phase space
(equilibrium point),

This means that if we set P identically equal to zero (equal to
zero for all t > to) that it will imply a particular solution which
is the equilibrium point and only this solution will be possible. In

(3.13) we see that P = 0 implies that = 0 and in the second

42
differential equation (if h # 0) that ay is identically equal to
zero; thus the origin is the only point in phase space where ﬁ
vanishes identically, If h = 0 then this is not so and we see that
the first differential equation holds regardless of the identical
vanishing of ﬁ. This modification to Theorem IV is quite important
for applications of the theory of Section D and Section E to mechanical
systems,

The above theorem has a corollary of considerable power and useful=-
ness for the qualitative discussion of mechanical stability.
Corollary: If a system obeys the hypotheses of Theorems IV or V, its
stability behavior cannot depend upon the magnitude or the analytical
form of the power loss function, P,
The proof is immediate, if it is recognized that the test of Theorem V
for stability reduces to examining the function H (or U) wunder the
hypothesis of negative P, The function H, however, is determined
by the mechanical part of the system and not by the damping mechanism.
This last fact was shown in Section B, Part 1 when the expression for
H was derived from the kinetic eneréy of the particles and the potential
energy with no reference to the damping law. The damping law only enters
in the generalized forces Qi of (3,3) which only effect the power loss

function P,

B




If a system of bodies, acted upon by forces derivable from a potential
function, is to be investigated for stabiiity on the assumption of a loss
of energy due to damping which is dependent upon the motion of the bodies,
then the stability cannot depend on the amount of damping present. The
stability only depends upon whether or not the power function, P, is
negative. One of the consequences of the above statements is that if
we are faced with an unknown dissipation mechanism which always keeps
P < 0, then we can be sure that the results of a test of U(q) for
positive definiteness is satisfactory for determining the stability

behavior of the system,

G, TESTING U FOR POSITIVE DEFINITENESS == BIFURCATION THEORY

As discussed in Section E, the stability of mechanical systems re-
duces to a "testing" of U for positive definiteness. This test is
well known in the theory of quadratic forms and leads to a simple alge-
braic criterion for positive definiteness, Consider

N
U = ZE: aijqiqj + U3 + U4 *ooe (3.14)
i,3=1

where aij = 52U/5qiaqj and Un is an n=th degree form, homogeneous
in the qi. For a vanishingly small displacement the positive definite
property of U is equivalent to the matrix ai. being positive definite

(BELIMAN 1) or

D1 =2, >0 (i = 1,2,.,..,N)
a a
2
D, = 11 1 >0 (3.15)
291 222
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all alz e 0 o 90 aij
221
D. = . >0
J .
a. es o e a. .
J1 JJ
(i =1,2,...,N)
If DN = 0, the matrix aij is singular; then the higher orders in
U must be investigated.

The testing of U is interesting to discuss in another way , a way
due to Poincaré. Consider a diagonalizing transformation which reduces

aij to a sum of squares, If Xi(i = 1,2,,..,N) are eigenvalues of

aij and if q; are components of a new coordinate frame, it is pos-—

sible to reduce U to the form

2
N
2
— ]
U2— Z xi(qi)
i=1

In this frame the determinant, DN’ of aij is left invariant (see
BELIMAN 1),
>y
D = =
N 5&;553 (3.16)

This relation (3,16) is extremely important in that it specifies the
way in which the system stability (for Dy # 0) changes. If the

Xi are all positive, DN > 0 and Uz is positive definite, If any

of the Xi change sign this change of sign is reflected in DN

directly and it changes sign., Thus the examination of (3.16) evaluated
at the equilibrium point in question suffices to determine the points

in the parameter space and the space of Y6 where stability changes

occur, A point at which DN = 0 is called a "point of bifurcation,"

This is extremely useful in many investigations of stability behavior
via Lyapunov's techniques in mechanical systems and will be illustrated
by Chapter V,
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CHAPTER 1V: ON THE TUMBLING MOTIONS AND CAPTURE OF AN ARTIFICIAL SATELLITE

A, INTRODUCTION

This chapter introduces a new class of problems involving the damp-
ing of the tumbling motions of artificial satellites. Simple examples
of these problems are treated to indicate a general approach to the cal-
culation of the motions and decay rate using perturbation theory. The
use of perturbation methods may be necessary because of the extremely
long time intervals of the solutions in comparison with the length of
integration steps necessary for a digital integration of the equations
of motion. Analog computation methods are of little use for the same
reasons, i.e., the long times of solution necessary to obtain the desired
solutions allow the amplifiers to drift and this causes large errors.

The system to be studied is a satellite with a tumbling rate in the
orbit plane, of one or more times orbit rate, which is to be damped by

internal friction. That is, the effect of the gravity torques on the

system is to disturb internal moving parts and thus dissipate energy,
causing a gradual slowing of the tumbling until the satellite is captured
into the libration region.

If one considers an orbiting system of particles with internal damp-
ing, and if one neglects the gravity and other external torques, he may
use the law of conservation of angular momentum to show that after a
period of transient decay of the relative motion of particles, the
general motion will be a tumbling motion with no relative motion between
particles. The presence of gravity torques, however, invalidates the
momentum conservation and produces ever-present relative motion between
particles, and thus ever-present friction, This friction damps the
tumbling motion; systems with internal friction cannot remain tumbling
if only acted upon by gravity torques and forces, If the tumbling rate
is high compared to orbit rate, the kinetic energy is large compared to
changes in the potential energy of gravity, and the tumbling motion is
only slightly affected over an orbit period. This explains the slow

attenuation of the tumbling for high initial rates,
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This problem is of interest to engineers because satellites may have
initial conditions corresponding to tumbling motion when they are re-
leased from the booster rocket or when they are struck by a meteorite.
The problem also has interest as an application of the theory of pertur-
bations, i.e., the method of averaging. (Appendix A and BOGOLIUOV 1,
MINORSKY 2,)

It has been shown by A, E. Sabroff of Space Technology Laboratories,
in computer simulation studies, that the roll and yaw motions during
tumbling decay rapidly, leaving the satellite tumbling only in the pitch
(orbit) plane. For this reason the motion of principal concern is studied
in this analysis, which treats only the case of pitch tumbling. However,
the method used may be extended to apply to more general motions.

A solution is given for a simple problem of the class just described,
namely, a tumbling satellite in the pitch plane (orbit plane) with an
internal inertia sphere which is viscously coupled to the main body.

The motions are given.and, in particular, the decay of the average tumb~-
ling rate is calculated, It is shown that an optimum damping coefficient
exists and that this optimum coefficient increases monotonically with
the initial tumbling rate, It is also shown that the damping time in-
creases sharply with the initial tumbling rate.

A modification of the above system is also studied; in this modifica-
tion a linear spring is added to restrain the sphere in the pitch direc-
tion. The addition of the spring causes a more violent motion of the
sphere as the tumbling rate reaches a certain "resonance" region; this
increased oscillation in turn causes additional dissipation and faster
decay. There exist optimum damping and spring constants for the problem,
Addition of "resonances" may result in much-decreased decay times.

By addition to the spring-mass-damping system of a certain small,
constant pitch torque, e.g., by gas jets, we may cause the satellite
angular velocity of tumbling to "synchronize" at a certain angular
velocity which is largely determined by the ''resonance" frequency of
the spring and sphere inertia. 1In this way one may regulate the tumbling
rate without complex sensing equipment, The calculation done in connec-
tion with the "synchronization" effect serves also to evaluate the final

tumbling rate in the case of gas leakage.
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The results discussed above are obtained by using the asymptotic
methods of approximation due to N, Krylov, N, Bogoliubov and Y. A.
Mitropolsky (BOGOLIUBOV 1, MINORSKY 1, MINORSKY 2). The method of
averaging (Appendix B) is used to eliminate the rapid but predictable
oscillatory motions excited by the gravity torque. The end result of
employing the averaging method is a set of non-linear differential equa-
tions for the averaged motion; the integration of these equations can
be accomplished with much less effort than that necessary to integrate
the complete equations of motion. If we use a digital computer the
integrations can be accomplished in many fewer steps than ardirect

integration of the equations of motion,

B, EQUATIONS OF MOTION

Let us consider a rigid body moving in the orbit plane in a circular
orbit about a spherical attracting body. Its attitude is described by
an angle Y relative to the radius vector, Fig., 4.1. Within the satel=
lite body is a homogeneous sphere mounted in a viscous fluid.* The
angular velocity of the sphere relative to the satellite (and in the
orbit plane) is é. The torque due to the viscosity of the fluid is
~bB. The kinetic and potential energies of the system are then (see
Chapter II)

= 1 . 2 - 2}
T._2[13()r+n)+1(1r+6+n)J
(4.1)

V = knz I3 sinzr

From (4.1) Lagrange's equations may be used to obtain the differential

equations of motion:

%
This can also be viewed as an inertia wheel with its axis mounted

along the pitch axis. "Viscous' in the sense intended here means any
force or moment which is linearly dependent on velocity,
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FIG, 4.1. COORDINATES OF TUMBLING VEHICLE
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1(5 +

With some normalization and algebraic manipulation

may be written:

i
o

I(y + ) + kn213 sin 2r

°

;) + b6 =0

A1

Y = rn8' =k sin 2y

9"

-n6' + k sin 27

The following notation has been used

T=nt =
n =
d

a ()

“(‘ =

\

2] =
9] é e =
AN A
1,2,3 =
11,12,13=
1 =

normalized time
orbit angular rate (constant)

1 d
()'= - —5x )

the above equations

satellite dey pitch angle (angle from radius

vector to 1 principal axis)

sphere position re
body (about pitch)

sphere angular velocity relative

principal axes of the satellite

to the satellite

moments of inertia about the yaw, roll, and
pitch principal axes respectively

moment of inertia of the sphere
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3 2 1
k = —=
I
2 3
) - b I3 + I
n
113
1
r =
I+ 13

Finally we introduce the new variables A and w by defining

the normalized tumbling rate, Furthermore, A 1is defined to equal the
final (capture) angular velocity, so that w > 1 is a variable, 1/A
will be used as a small parameter in perturbation series,

The differential equations of motion can now be written in first

order form as:

w! = % [rnﬂ « k sin 27
' = AW (4.2)
Q! = =70 + k sin 2y

C., CAPTURE

From the equations of motion (4.2), or directly from (4,1), we can
write the Hamiltonian, H, an energy<like quantity, which is useful in
solving the capture problem and in giving limits of validity to the
perturbation series expansions, This function and its derivative are,

using (4.1) and (3.87), (3.8),
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H = [-;— xzwz + 2r A + rﬂz}

+ (1 -1r) Kk sinzr (4.3)
2
gr=- 2 [0 < 0; (b > 0)
n
13+ 1

The integration of the second of (4.3) leads easily to the inequality
(Chapter III):

H< H (4.4)

where Ho is H of (4.3) evaluated at the initial instant.

Physically H' is negative and H decreases during the tumbling
motion, When H reaches a value (1 -~ r)k then the subsequent motion
will be bounded. This means that in less than one tumble capture will
occur,

If r << 1 then the equation of energy at capture is

N

szz
c

= (1 - r)k coszyé

where Yé! uz are Y, w evaluated at capture.. This, by analogy with a
simple pendulum, is the largest closed energy contour surrounding the

equilibrium point Y = O, The capture angular velocity is, therefore,

ch =\ =+ V2k(1 - r) cosT,

where, as previously discussed, )\ = (T')C. If the motion reaches
A= i.vzk(l-r), then in one revolution it will surely be captured
because of the energy loss. The preceding arguments mean that the value

of A should be taken as ) = +V2k(l-r) for r small.
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D, PERTURBATION SOLUTION FOR THE TUMBLING MOTION

Approximate solutions will be obtained for the angular velocity
T'= AMv large compared to one. Actually the results will be approxi-
mately correct anywhere out of the capture region, We use 1/A as a
small parameter in the expansions, assuming that w > 1. If one uses
the averaging method of Appendix B, he obtains series solutions in
powers of 1/A and can thus approximate the actual motion. To begin,
we must get the equations in "standard form' by a transformation. We
use for this purpose the forced solution with constant ww. The reason-
ing is that for large A, w'a0 and we have just a sinusoidally-forced

set of equations. The transformation becomes,

Q=0 + D(n sin 27 - 2\® cos 27) + Q

€l

W= W+ kK cos 27 - —ng— (fNcos 27y + 2\w sin 27) +
2\ W

(4.6)

=<H

sin 27 - D (nsin 27 - 2\w cos 27) +
2--2
40w 40w

where
JaAY k

n2 + (2x5)2

Here the barred variables represent the "secular" terms caused by damp-
ing and the sin 2Y, cos 2Y terms are the forced response due to
gravity, for large A. The double-barred variables represent additional
perturbations to be defined in (4.9). They will be set equal to zero
for the present.

The above equations are to be viewed as a transformation from Q,
w, ¥, variables to the barred variables ﬁ, B, Y. The oscillating
terms in 2y are the result of using the sin 2y terms in (4.2) to
force the equations in a periodic oscillation (as if Aw were a constant).
It must be emphasized that no approximation is implicit in (4.6) but

merely a transformation based on an approximate way of viewing (4.2).
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Now we are going to use (4.6) to get the differential equations (4.2)
in terms of the berred variables, By direct substitution of (4.6) into
(4.2) (with the 5, :, ? set equal to zero) the following differential
equations in the barred variables are obtained carrying terms up to fourth

order in 1/\.

+ nkrD(ZkB)(l + cos 47) }'+ 0 (1/%4)

2 —_—
.
¥ o= w0 anh (4.7)
8. W
Qr = —nﬁ + 1 ‘{ k2 sin 47 = kﬂzr D sin 4y
2—2
4\ w

+ knrD(2aw) (1 + cos 47) }'+ o N

In the above expressions it has been assumed that 0 is of order 1/&3.
This is in keeping with the "steady-state" assumption of the next section,
Equations (4,7) are the equations (4,2) in terms of the barred
variables and these differential equations possess the "standard form"
of Bogoliuboff and Mitropolsky (BOGOLIUBOFF 1), That is to say, the
right~hand sides are small and thus the barred variables vary slowly and
the averaged differential equation may then be solved to find the secular
variations in the barred variables, The averaged equations in the barred

variables are?

o= g . ardk
M a2
T'= A+ O anh (4.8)

5' = —T]—g + l{—TEI')'
20w
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Based on the transformed variables as defined by (4.8) we may write the
approximate solutions including the effects of the oscillating terms in

(4,7). These are!

B=- —2— k%cos 47 = kmeD(ncos 4T + 2\B sin 4?)} (4.9)
160 w

= 2 -

® = k4 3 cos 4y
16\ W

Y= 0 and

These expressions (4,9) are of order 1/)»3 or smaller, The barred
variables are solutions to the averaged equations (4,8) and together with
(4.6) and (4,9) comprise the approximate solution to (4,2) up to order
(1/%2) (BOGOLIUBOV 1), The differential equations of average motion
(4.6) are all that remain to be solved., These are solved analytically
in the next section, In a more complicated case these would have to be
integrated on a digital computer. This could be done with many fewer
steps of integration than a pointwise integration of the original equa=-
tions of motion, because the velocity and position variables are smoothed
by the averaging process,

An investigation of the errors in these perturbation calculations for
w > 1, M =W/5£zzlr)t shows good convergence if r < 0,1 regardless of
the value of 17 , The dominant oscillatory term in the expression for
w is of amplitude 1/4(1=r) which is certainly smaller than o > 1
for r < 0.1, The next term in the expression for w is nr/ZJQ for
1< 1 or (kl/zr)/hJE for m>> 1. These terms are quite small com=
pared to w> 1, The amplitude of w is 1/64 at capture, These

estimates of the oscillatory terms show good convergence for the stated

>~ !
conditions, The conditions r < 0,1 and A\ =_Vék(1ﬂr) are quite

realistic,
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E, APPROXIMATE SOLUTION OF THE AVERAGED EQUATIONS

In the third equation of (4,8) the second term on the right~hand
side will vary quite slowly compared to the time constant 1/1 ; let
us assume this and verify it later, This allows us to use the steady
state value of { as the solution, The result is, upon elimination of

@ in the first of (4,8):

il

=y _ = W(l=r)r K2

bow' = (4.10)
% a2o12 + %)

é 2 b\\\

|0 (4\11)
1 201 + 40“)

L

[ | |

Using the defined relation N = Aw, we solve (4,10) by direct integra=
lion to obtain the relationship between the average tumbling rate, N,

and the time, 7.
| 2

2N° + §°N J = = r(l=r)k’'t (4.12)
JN

This can be used with (4.11), (4.,9) to give the complete approximate solu-
tion,
For some fixed value of the final angular velocity, Né, we may
solve for the final time, Tl
1

T LN R R G
nr{ler)k

c c)) (4.13)

Under the conditions of (4.13) there exists a minimum time to capture as

a function of the damping parapeter, 7% « This is given by the following

(aTc/aﬁ = 0) (see Fig, 4.2):
2 2
TIopt - Z(No * Ni)
2(N§ - Ng) (4.14)
(Tc)min = r(l_r)kz qopt
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F. SECULAR SOLUTION WITH SPRING-CONSTRAINED DAMPING SPHERE: THE

EXPLOITATION OF RESONANCE

Consider the problem treated in Section D with the addition of a
linear spring acting between the sphere and the satellite body. This
modifies the equations of motion, giving rise to the possibility of
resonance between the tumbling rate and the relative motion of the
sphere with respect to the satellite body.

The solution given here makes certain assumptions based upon the
previous, more restricted case. The major assumption is that the rela-
tive velocity, {l, 1is in steady state, forced oscillation, and there-
fore the secular solution is equivalent to the solution of the differential
equation of average motion.

The differential equations of motion with an additional torque of

magnitude I(l—r)wiéa applied between the sphere and the body are:

Y o= W
. 1 2 .
w' = z nrl + rwoe - k sin 2y (4.15)
8' = Q
' 2 .
Q' = -1 - woe + k sin 27

where © stands for the angular displacement of the sphere from the
zero torque position of the spring. Assuming that ) 1is large we get

a set of transformation equations analogous to (4.6)

Q=0q+ 2x§ [— a sin 27 + pcos 27}

Qe

W= W+ L [k cos 27 + rwi ( @ sin 2y - Bcos 2r)
20 W

+ 2\or n(q cos 2y + PBsin 2?4
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6 = ¢ cos 2? + PBsin 2y + 6

1
e

Y=7+ [k sin 27 + rwi (~ o cos 2y = Bsin 27)

2

+ 2awr n(Q sin 27 = Bcos 2?)]

where,
o=~ 20
2 W
D(wz - 4x262?
B__ (o]
a? 2
D = k »
- V-2 2wl 12
'u]2+ wo 47;5
20T

The value of D given above reduces to that previously given (as do
all the formulae of this section) if we let ub x 0,
Combining (4.15) and (4.16) we get, upon averaging, the secular

pal

differential equations, with Aw = N,

7 = rkD1 _  rkDy
200 w2 2Nw2
o (o]

The solution of the second of (4.17) gives the time to capture, To s

as

=41
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r
= O - N2+ 2Q0 - N
k“(1=r)ry | ¢
4 (4.18)
o 2,2 2
+ 2 LagN /N) = 2 WI(ND - N)

where it is assumed that No/Nc > 0, Notice that in (4,13) T, is
independent of the sign of No. The minimum value Zf Tc occurs when
the derivatives of Tc with respect to 1 and wo vanish, This
occurs for the following optimum values of the damping and spring res=

onance frequencies:

2(N° ~ %)
(wz) - —_° c
o opt
loge(NO/Nc)
o (4.19)
2 2 2 () opt
0 =2 |N + N = 209P
opt 0o c 5

The minimum value of the capture time is given from (4,18) and (4,19) as

2 (N2 a N2)
() 0 ¢

¢ min = (4.20)

i
kz(lﬂr)r opt
It is useful to compare the minimum value of T, with the value for

arbitrary values of damping and spring constant; this gives the ratio

2 2
Tc 1 N I]opt (ub)opt o 2
— = —  + -1 (4,21)
(Tc)min opt ¢ n'no t (wz) .
p o opt

Note that (4,19), (4.20), (4.21) reduce to (4,.,14) if ui = 0, Table 1

gives the computed values of the optimum capture time for a particular

value of terminal velocity and for both resonant and non=~resonant cases,
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Various physical observations may be made about these results., By
reference to Table 1 one can see that, for a given vehicle configuration
(K) and for optimum paxameters, the number of orbits to reach Nc is
considerably laygar for the "non=resonant" case; while in both cases
the damping time increases sharply from N0 = Nc until for Nb > 5
it increases approximately as the cube of No (Fig, 4.2),

This behavior may be justified on physical grounds. The "resonance"
phenomenon causes larger relative motion between the sphere and the
satellite body, thus dissipating more energy per orbit and damping T
more rapidly (Fig. 4.3). The rapid increase of damping time with in=
creasing No is, of course, the reason for the perturbation technique;
this is a direct result of the "internal' nature of the damping.

If there were no gravity, one could immediately use the angular
momentum principle to show that the particles of the system are frozen
to some rotating reference axes in steady=state; there wouid be no
relative motion between particles and thus no internal dissipation of
energy. If there is gravity torque then one has relative particle
motion and thus damping, Notice, however, that this relative motion
is very small for large rotétion velocity because the kinetic energy
of rotation is much larger than the fluctuations in potential energy
due to gravity,

Figure 4,4 illustrates how the effect of gravity on the angular
velocity Y' increases as we near capture; the effect is to increase
the "ripples" of oscillation about the average angular velocity N,
This method of perturbations saves computer integration over all these
rapidly«varying functions; integration of functions varying as the
average velocity, N, can be accomplished with many fewer computer

steps.

G, SYNCHRONIZATION OF THE TUMBLING RATE

If a small, constant torque (for example, via gas=jets or gas

9 :
leakage) of magnitude n 130 is added, an interesting phenomenon
occurs. The average speed, N, of the main satellite body rises

from zero to a certain value determined by a parameter ws and then
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the satellite remains turning at a constant average speed. If the

initial speed is too large, this does not occur; the body simply spins
*
up indefinitely. The equations of average motion are, with the

additional torque:

r
2N
N* = - Kn 1 }+ (1-r)c
4n2N2 + (wi - 4N2)2
{4,22)
= c rkD
== o % 5

where we have defined K = (1~r)rk2.

There are, of course, equilibrium points at which N' = 0, These are
the points of synchronization that are sought. They are solutions to
the equations (4,.22) with N*' = 0, This can be seen graphically by
noticing Fig. 4.5, which shows the solution to N' = 0, From this
solution we may deduce that N = ws is a stable point and /k = wo - ws
is unstable, The arrows show the transient motions. N = ub - ws is

the maximum initial speed for stable behavior,

We may calculate Wy if c(l-r) is equal to 1/2 K/nwO, This

is
w2
2 1 o)
+ F — =
ws 2 ws 2 0
or,
2 2,
w = = 4 +_\/zn/2) + w /2 (4,23)
s 4 — [
W W
o s
Aws_ 2 " Y w +2ws

where Aws is defined above,
The slope of the curve in Fig, 4.5 at the synchronization point

leads to the ''linearized"” behavior about this point.

T
In this analysis it is assumed that the internal damping is the

only damping present, In case other sources are present they may be
easily accounted for,
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1

B8N' = — BN + (1-r)dc (4.21)
T
d
where,
N=w + 8N
s
c=c¢ + B¢
s
4 wgi:n 2
T ; K=k"(l-r)r

K(8 w,/n = 1)

c = K/2(1-r)n w
o

The time constant for the transient decay to 1l/e of its initial value

for small BN( %E << 1) is =«

s d

H. CONCLUSIONS

Several problems related to tumbling satellites have been discussed.
These problems pose some interesting questions which involve the length
of time it takes to damp a satellite with only internal damping between
the moving parts. It is instructive to notice, in the light of (4.8)
the value of the average rate of change of angular momentum. Letting

P denote the total angular momentum we have

P=N+r1rQ
(4.25)
P' = -(1-r)r Ilg% =r 0 /N
where P denotes the average angular momentum (divided by I + 13).
The important observation about (4.25) is that the average torque (or
rate of change of total angular momentum) is small of order 1/N3. This
fact indicates that the average torgque about the pitch axis due to the

damping torques between particles of the system is of order l/XB.
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Because for tumbling rates significantly above the orbit rate the
angular momentum decreases as the cube of the reciprocal angular rate,
the decrease in tumbling rate is extremely slow. One must notice that
this would not necessarily hold if external damping torques, for
example gas jets or earth magnetic field damping, were significant.
The slow nature of the secular decay of tumbling rate makes direct
digital solution of the equations of motion very costly in time and
in round=-off errors, The perturbation scheme outlined makes the job
of integration much less difficult and in certain cases obviates the

need for numerical integration entirely.
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CHAPTER V: BOUNDS ON THE LIBRATIONS OF A SYMMETRICAL SATELLITE*®

A, INTRODUCTION

The problem of rigid body motions in a gravity field dates at least
to Newton who explained the first-order precession of the earth on the
basis of his new gravitational theory. The precession and nutation of
the earth later became important to astronomers in connection with the
length of the sidereal day. Hipparchus first observed the effect of
these rigid librations of the earth before the birth of Christ,

It was, however, D'Alembert who first gave a complete formulation
of the problem for the case of high spin (precession and nutation),
Laplace, Poisson, and Tisserand 2ll subsequently worked on the problem
and it comes to us largely in the form in which they left it.

These investigators had in mind the verification of Newtonian
gravity theory by pure deduction based on Newton's second law and the
known orbits of the Sun, Moon, and planets; our interest is in the use
of this theory to predict the dynamic behavior of artificial satellites.
We are, therefore, interested in the complete range of motions rather
than just the high spin case (of interest in the case of the earth).

Since the first artificial earth satellites were contemplated,
there has been an increasing interest in the attitude dynamics of rigid
bodies in orbit, Work on the stability of a sSymmetrical rigid body in
a circular orbit has been done by Thomson (THOMSON 2), Beletskii
(BELETSKII 1), and Aueimann (AUELMANN 1), Thomson considered the sta=
bility of the small=amplitude motion of the symmetry axis of a satellite
relative to the normal to the orbit plane, Beletskii treated the high-
spin case of a satellite with gravity and aerodynamic perturbations,
Auelmann attacked the problem of the present chapter, but established

] - 80
results only for the 'zero spin’ case.

*
This chapter is to be published in ATAA Journal, . May. 1964.




In this chapter the author will endeavor to show a complete picture
of the equilibrium solutions,their stability and regions of stability
for a symmetric, rigid body in a circular orbit, This type of analysis
is of course preliminary tc a complete study of system behavior incliud=-
ing librations and periodic solutions.,

The analysis draws on the theory of bifurcations of Poincaré
(POINCARﬁ 1) and on Hill's use of the Jacobian integral in the lunar
theory (HILL 1), The problem is interesting because it has (1) a
physical motivation and use, (2) a simplicity inherent in two=degree-

of~freedom cases, and (3) a wealth of interesting phenomena.

B, EQUATIONS OF MOTION

Consider the angular motion of a symmetrical, rigid body relative
to a rotating coordinate system (i,%,g unit vectors) which is centered
at the body mass center, The ? axis points along the radius vector
from the earth, the g axis points normal to the orbit plane, and the
5 axis points along the orbit velocity vector and is such that Q = ﬁ X
(Fig, 5.1},

Two sets of Euler angles (generalized coordinates) will be used to

define orientations of the satellite relative to the igégg reference
frame, because each set of Euler angles is singular at a partigular
point of interest, In each case gb is the axis of symmetry of the
satellite, For the first set censider (Fig. 5,2) an axis system ib,
%b, §b initially aligned with i,gpgn Then a counterclockwise rotation,
92, about t?e % axis and a suCCfssixe cgunterclockwise rotatioi,A flp
about the =1b axis locates the 1b, 2b, 3b frame relative to 1,2,3,
The 1b, %b, gb set does not spin with the satellite,

The second set of Euler angles are the spherical angular coordinates
of §b in Fig. 5,1. The angle @ is a rotation locating the position
of the spin axis (gb) relative to the plane of the orbit and & is
an angle locating the plane of #=rotation relative to the 395 plane,

In both of the coordinate sets used above the angular rate about the
%b axis relative to the rotated coordinate axes is defined as @; s

is a generalized coordinate not appearing in the energy expression§.

~H5 2=
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The body is specified by a moment of inertia C about the ﬁb
axis (symmetry axis) and a moment of inertia A about any axis normal
to gb and passing through the center of mass,

We may now write the kinetic and potential energy due to rotation

of the rigid body about its mass center (see (2.7) and (2.8)).
A J.2 b 2 2 C J- . 2
T = E{CP +(e+n)cos(p}+ 5{\|f+(e+n)sincp}

* A 2 9 . 2
% {kel + nsin 92) + (Gzcos 91 n cos 6, sin 91) j}

@
1 . ' 2
+ 5 {? + n cos 6, cos 6; + 0, sin 6, }' (5.1)
V = g n2(C - A) cos2 ® cos2 g

|
Nfw

nz(C - A) cosz Ql sin2 62

It is convenient to define

C/A

H
1]

(5.2)

>
H

pW/C

where the angular momentum about the ﬁb

p, = d/at (QT/3y) = 0. p

axis, is a constant equal to

W,

pw =C $ + (é + n) sin @] =C [$ + n cos 92 cos el + éz sin 91] (5.3)

We may now use Lagrange's equations to find the motion of the satel-

lite under the potential energy, V. These may be written as

4 (o) _ or . v G =1,2,3) (5.4)
at {3 d d
qi qi qi
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where the q; are generalized coordinates taken to be either ¢, 6, V¥

or © 92, VYo There exists a first integral for the above problem

.1’
(LANCZOS 1); this is the Hamiltouian, H (which is not the total energy

in this problem).

5T{|;+ §%c’p+ Mg 14y (5.5)

oy dp .38

Using (5.4) we can easily verify that dH/dt = 0 and, therefore, that
H is a constant of the motion, In terms of the variables of this prob-

lem H Dbecomes,

H = R2 + U (5.6)
where,
A A 2
R, = 3 (¢° + 87 cos“ Q)
or (5.7a)
A A g2 2 2
Rz = 3 (él + 62 cos 91)
A
U = % n“A(r = 1) cos“¢ cos ©
2
- ﬂ%i cosz¢ = Afrn sin @
or
A 3 2 2 . 2
U = T A(r - 1)cos 81 sin 92 Afrn coselcosez
Anz 2 2 2
- —5—(cos 92 sin 61 + sin 82) (5.7

where the R2 functions are positive definite functions of the velocities

and the U are functions of the coordinates ¢;0 and 91, 6 Notice

2.
that  has been eliminated in favor of the constant £ by use of (5.3).
The function U is called the 'Hynamic potential" and plays an impor-

tant role in the stability analysis that follows.



C. EQUILIBRIUM POINTS

An equilibrium point is a point in the ¢, 6 or 8 0 space

1’ "2
where the 3b axis can come to rest relative to reference frame 1,

2, 3. This condition is defined using (5.4) by

U _y =o (5.82)
op ¢

1 _

a—e' = Ue =0 (5.8b)

Using (5.7), (5.8) gives the equilibrium relations
. 2 . 4r _
(31 r)51ncpO cos 90 + singQ_ < ]cos¢6 =0 (5.9a)
. 2
cos® sinb® cos @ =0 (5.9b)
o o o

The above conditions reflect the static balance between gyroscopic and
gravity torques. We must investigate the equilibrium points QO, 60
defined by (5.9). We see that two cases obtain:

I+

P n/2, 60 arbitrary and
II. ¢ # + /2
o
Case II contains two subcases, i.e.,

4r/n(4 - 3r) and

IIa. 60 =0, m; sincpo

IIb. ©
o

4ir/n,

+ 1/2; sing

We note that this, due to (5.9b), exhausts the possibilities.

D. STABILITY OF EQUILIBRIUM

We must now discuss the stability of each point and whether U has

a maximum, minimum, or saddlepoint. Define the (hessian) matrices

-56-




. —_
Uelel Uelez
# =
Cezel Uezez
— —
Vo U
Hy =
Becp Yo B

2
where the symbols Uq.q‘ =0 U/aqiaqj are evaluated at the various
173
equilibrium points. We shall use ifl for the points of Case I and
;V’Z for points of Case II. Since ;¢ can be thought of as the matrix
1’ 92 are

of a quadratic form, U, in ¢, or 91,62, when ¢, 6, ©
small displacements from equilibrium, then: (1) if ;¢ is positive

definite at ¢B’ 90, or © G there exists a minimum of U, (2)

,

if ;%’ is negative definitelgt tig point of equilibrium there exists a
maximum of U, and (3) if ;f’ is sign variable at equilibrium, there
exists a saddlepoint of U at the equilibrium point. If I;JII = 0,
there is a bifurcation at the equilibrium., Note that if suffices to
determine the results for £ > 0 only. This is so because in (5.7) U
is unchanged if /f— -/ and ¢6-+ —¢b'

It can be shown (POINCARE 1) that a "point of bifurcation" occurs

P 5/

when the determinant of the hessian of U,];%‘i; vanishes. At a point
of bifurcation the qualitative nature of the stability behavior changes.
This can be seen by using the fundamental result that |§¥5l = Xlkz,

where Xl and Xz are eigenvalues of the quadratic terms in the
expansion of U about an equilibrium point. Observe that if Xl >0,
Ay > 0 we have a minimum of U, if A >0, ), <O orif ), <O,
xz > 0 we have a saddlepoint of U, and if Xl < 0, xz < 0 we have

a maximum of U; this means that as I | = Xlkz passes through zero,

the topology of U changes,
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Consider now the stability of the equilibrium points of Cases I
and II by using the hessian matrix, ;54, to test U, It can easily
=
be seen that the elements of ‘445 are at 90,.¢6:

2 2 2
= - A - A A i
U + 3n"A(1 =~ r)cos 2@, cos“6_ + An” cos 2¢_+ frAn sin @

U =

2 . .
e n“A(r = 1) sin 2¢B sin 290

W

2 2
Uee = n“A(r - 1) cos ¢, cos 280

and at ¢ = n/2, the elements of <¥i become

Uee=An2(—e—r-lI:~1)
11

U =0

6162

U

6.6 =An2(izorl-;-~4+3r)

For Case I it can be seen that if 4/n > 1l/r, £/n > (4/r) - 3 the
function U is minimum, If only one of these is violated, U has a
saddlepoint, and if £&/n < 1/r, &4/n < (4/r) = 3 then U has a maximum
at @ =+ n/z(elo =0, 6,,= 0).

For Case 1la (60 = 0,% ; sin @_ = fr/n(4 - 3r) we see that if
r < 1 we have a stable (minimum) point, If 1 < r< 4/3, we have a
saddlepoint of U, and if r > 4/3 we have a maximum of U, There
is a bifurcation at r = 1,

For Case IIb (60 =+ %/2, sin @ = fr/n), r =1 1is a bifurcation
point, If 1 < r < 2 there is a minimum of U, while if 0 < r <1

we have a saddlepoint of U,
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FIG. 5.3,

CASE I:
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These curves are plotted for the two cases in Figs. 5.3, 5.4, and
5,5. The solid curves in Fig, 5,6 are “"eurves of bifurcation.” This
means they divide areas (of the plot of £/n versus r) with qualita~

tively different stability behavior, In Figs, 5,4 and 5.5 the solid

lines are the curves beneath which the equilibrium point can exist,
These are derived by noticing that sin ¢B < 1 for existence of either
equilibrium (IIa or IIb)., Figure 5.6 is a composite plot showing all
the curves of bifurcation on one plot. For the purpose of sketching
the behavior in configuration space it is useful to know how many
different kinds of qualitative behavior exist, The curves of bifurca-~
tion divide the £4/n, r plane in sectors (labeled a ~ g), If one
moves across a curve of bifurcation then he must use a new letter, thus
there are seven kinds of behavior in the quadrant £ > 0 (0 < qb < n/2)
and likewise seven for £ < 0 (=7n/2 < ¢, < 0).

E, CURVES OF CONSTANT U

It is now possible to plot contours of constant U in a space of
®, 6 for Cases I and II, For the purpose of drawing them it is useful
A A A
to project the points of unit vector 3b on the plane of 1, 2, This

is accomplished by the mapping
X = cos ¢ cos B
¥ = cos @ sin ©

A A
where x is in the 1 direction (radial) and y is in the 2 direc-

tion (tangential).

It is useful to have a relation between ¢, O £for the slope d¢/d6 = O;

this is of course the case of a contour parallel to the equator for

which:

%H

d 0

Ecée=_ —T—U =0
99



if Ucp # 0, From (5.8b) and (5,.9b) Ue = 0 when 6 = 0, +%/2,1

and when ¢ = + %/2, The peint ¢ = + /2 is never a point of zero
slope bescause ¢ = i1(/2 are always equilibriuym points. We then have
dp/dé = 0 when 6 =0, +7n/2,% but O = 0, +%/2, T are not
equilibrium points, This is useful in plotting curves of U = constant,

The curves of constant U are shown in Figs., 5,7, 5.8, 5.9, . ,
and 5.10 for the cases @ - of Fig, 5.6. The points (+) are
(stable) minima and the points (=) are maxima of U,

If initially the tip of the symmetry axis (%b) is within a closed
contour, U = Ho’ then, because R2 » 0, we have U< HO for all
subsequent motion, If a closed contour surrounds a minimum point, then
a motion exceeding U = HO(U > H ) would require R2 < 0 which is
impossible. This proves that if in Fig., 5,7, Case (a), we have an
initial pesition P, and if the initial velocities give an H = Ho’
then the symmetry axis (3b)  will always remain within the curve

C{U = Hy).

A
The motions of the 3b axis within a contour C begin at a point

P and never leave the interior of C, These motions will, however,
reach C and at such times the relative angular velocity will vanish,
At these instants the trajectories in the configuration space will
either be tangent to C or form cusps along C.

The maximum regions of bounded motions about a minimum c¢f U are
surrounded by "separatrix" curves which always pass through saddle=
points, If ws, Gs is the position of a saddlepoint then separatrix

curves are defined by

3(r=1) cos2cpS c0526S + coszm - coszqg + sin a(sing = sinqg)

00526 =

3(r=1) cosz¢

where sin@y = fr/n, sin3 = 4r/n(4 - 3r), For the cases where

separatrices exist we have

Il
Q

Case a: es =+ n/2; @
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Case b: P =n/2

Case ¢: No Separatrix

Case d: 8 =0, =« ; ‘s = P
Case e: Py = /2

Case f: ¢_ = - n/2

Case g: @ = + /2

The curves surrounding a maximum point of U tell us nothing about
stability, but we can show, using small oscillation theory, that such
a point may be stabilized if £/n is large enough, Thomson and Kane
(THOMSON 2 and KANE 1) have shown that there are points of region <:>
of Fig. 5,6 that are stable. The condition that must hold for this to
occur in region (:) is, for small oscillations,

\ éf ;2 -2 £§ + (3r ~ 1) >0
/

An example is £/n =3, r = 0,1 which is stable in the small and also
lies in the '"maximum of U" region of @, 6. For large motions in
region (:) the non=linear librations about ¢5 = /2 must be investi-
gated. This has not been done,

It is well known, as reflected in (5.10), that gyroscopic forces
can stabilize a system of two degrees of freedom with such a potential
maximum as occurs in region (:) The curves surrounding a maximum
point of U only provide bounds on the nearness of approach to equilib-
rium; this is not too helpful, One might be apprehensive about the
maintenance of stability around a maximum of U in the presence of
damping; this apprehension is justified by recourse to ILyapunov's

stability theory.
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It can be shown that if damping (energy dissipation) occurs due to
forces which do not effect the mass distribution of the satellite
(e.g., control jets or magnetic losses due to the earth's field) or to
forces of internal damping involving elements with low mass and inertia,
then the stability of the symmetry axis will occur if and only if at
the equilibrium point U has a relative minimum (see Chapter III),
This indicates that for engineering purposes stability only occurs in
those situations where U has a relative minimum. It must, however,
be stressed that each satellite system should be analyzed completely
on its own. Results from the above analysis should only be applied to
the system defined in Section B. The general approach of this chapter
is applicable to a wide class of systems with and without damping; the

extensions to these cases are given in Chapter III.

F. SUMMARY

The results of this chapter are presented in Figs. 5.6-5.10,
Figure 5.6 is the parameter plane of spin velocity versus the moment
of inertia ratio. The curves represent ''curves of bifurcation'; if one
of these curves is crossed, the qualitative nature of the stability of
equilibrium points changes,

The seven regions separated by the curves of bifurcation are shown
in Figs. 5,7-5.10. Cases (a) and (b) are for long, slim bodies, and
in these cases the symmetry axis tends to point along the radius vector
from the earth., It is displaced out of the orbit plane due to spin
(gravity torque and gyroscopic torque is balanced) and its equilibrium
(+) points therefore appear as in Fig. 5.7.

Case (c) is for a short, flat body; this case has an equilibrium
solution with 3b normal to the orbit plane, as in Fig. 5.8.

Cases (d) and (e) are very low-spin, short, flat bodies and they
tend to point with their symmetry axes tangent to the orbit,

Cases (f) and (g) possess the property of having equilibriums in
the lower hemisphere of the unit sphere at ?, # - 1/2; otherwise

Case (f) is similar to Case (c) and Case (g) is similar to Case (e).
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The technique used to find the stability regions can also be used
for more complicated systems but the geometry is more difficult in
several dimension spaces, To get the maximum~U boundary curve surround-
ing a particular minimum point, however, is fairly simple. If all the
equilibriums are located (it is not always simple to solve the trans-
cendental equations), then the value of U for these equilibriums can
be found. Starting at a minimum point we simply seek the lowest-U
saddle curve with energy greater than that of the minimum point in
question; this is the lowest energy separatrix curve for the equilibrium

point in question,
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CHAPTER VI, A METHOD FOR CALCULATING THE NATURAL MOTIONS OF AN
OSCILLATORY SYSTEM WITH LIGHT NON-LINEAR DAMPING

A, INTRODUCTION

In the application of dynamics to many engineering systems with
mechanical elements the effect of energy losses, called damping, is
of critical importance. There are a variety of physical processes
which may provide this damping; often the damping law is a non-linear
function of the coordinates of the system. Frequently, especially in
space mechanics and vibration applications, the forces providing the
damping are weak compared to the other forces of the motion. This
means that over one period of oscillation the system response is not
greatly effected by the damping forces., In a linear system this would
be called lightly-damped behavior,

This chapter presents a method, similar to the Krylov=-Bogoliubov
method (KRYLOV 1 and BOGOLIUBOV 1), for attacking the problem of lightly-
damped oscillation in non-linear systems with several degrees of free-
dom. This method handles a large number of damping laws and requires
only that the average power loss from damping be specified. Thus we
need not know the damping forces explicitly to get a solution accurate
to first order. The approach taken is simple in that very little
algebra is necessary to get the expressions for damped behavior. The
method, in effect, extends the classical method of Lindstedt-Poincaré
(MINORSKY 1 and 2) to the case of lightly-damped behavior. These
characteristics make this a natural technique for handling damping by

force hysteresis, e.g., elastic or magnetic hysteresis,

B. METHOD

The discussion which follows will center around the basic equations
of a mechanical system as conveniently derived using the Lagrange equa-
tions. The system is described in terms of generalized coordinates,

qj(j =1,2,...,N), and generalized damping forces, Qj’ as follows
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(summing on repeated indices)

oo °

a,.q. + b, g, +c,.qa, = Q (6.1
1Jq3 1JqJ 1JqJ 1

where a,. =a, ., b.==b,.,c..=c¢c...
" 1 - Jt H Ji 1] Ji
gyroscopic terms. The gyroscopic terms as defined do not include a

The bii are the so=called
b.. terms.

ii

These equations of motion are given with constant coefficients for

simplicity of exposition. However, each step in the subsequent analysis
can be made for the general case by using the Lagrange equations and their
energy relation directly., This is not included, but is an easy exercise.
after identifying H as the Hamiltonian function,

The energy relation is found by multiplying (6.1) by di, summing

on i and Jj, and integrating with respect to time (aij' cij are
independent of time and qi, qj). This givess$
t
H= La, dq.q.+ ¢ =% + | Qaq.dt (6.2)
= o2 %% T 2%5% 155 % 194 .
o

where H0 is the value of H at t = 0, If Qi = 0 for all i then

H=0 and H = Ho’ a constant (this is the case without damping forces

Qi)o By differentiation of (6.2) we get the important relation

N
P=H-= E: Qiqi J.Power into system } ‘ (6.3)
in1 \ by external forces |

1

There is implicit in (6.1), (6.2), and (6.3) the fact that the equations
of motion are linear with constant coefficients (see Chapter III for a

generalization of the above results).
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1. Analysis for Q3 =0

If the elements aij’ , cij are not dependent on a0 qi

b, .
1]
then the system is linear and we can write down the linear solution to
the case Qi = 0 in the well=known manner., Define Ej a complex

number by qj e Re qj . (Re stands for "the real part of') and
q. = AjeXt. Substitution of Ej into (6,1) for a4 gives for
Q. =0 (all j):
J
2

(Ma.,.,+ Ao, +c. )A, =0 (6.4)
1] 1] 1 J

which can be written,
M. (MA, =0
1] J

where the matrix Mij is defined to be

M0 S2%. +ab, te,. .
ij ij ij ij

Note that by using the properties of aij’ bij' cij we can write

IMjio.)l = lMij(x)l = lMij(“"”

where lMijl stands for the determinant of Mij' This proves that the
characteristic determinant is an even function of A and thus the
roots are + Xj’ where M©. 1is either purely real or purely imaginary.
We are interested in the "stable, oscillatory" case where the hj are
all purely imaginary and, therefore, Xj = + iwj, wj real and positive,
The reality of wj(j = 1,2,...,N) 1is a necessary but not sufficient
condition for asymptotic stability (see Theorem V of Chapter III), We
assume in what follows that the motions are asymptotically stable,

The solution may be written as

74 -




Q)

ilw t+y, )
k Yk .
= AJKJALke (j=1,2,...,N)

(6.5)

£Q jo
1}

iw t+y )
k-~ 'k
9K Tk

where-—/\-k is the (real) amplitude and ¥, 1is the (real) phase, and

the Ajk relate to the mode shape. There are N2 of the Ajk’ but
we know they are related by the fact that there are only 2N arbitrary
constants in the solution (these are theJALk, Wk). Therefore, there

are only N independent A, each having a real and imaginary part.

Jjk
These are chosen arbitrarily. The relations between the Ajk are
found from equations (6.4) and
M, A = (=w2a _ +iwb,. +c,  JA. =0 (6.6)
ij ik ~ k' ij kij ij" ik T ’

where
]Mij(iwk)l =0

for a solution of (6.4) and (6,.6) to exist.

The procedure is to (a) find the W s (b) solve (6.6) for Ajk in

terms of one A, say A which is arbitrary, and (c) take the

’ 4
real part of ajk to find tie motions. If the equations (6.1) are non=
linear then steps (a) and (b) above are replaced by any appropriale
approximations (MINORSKY 1 and 2).

/
2. Modification of the Solution for Q; Small (Light Damping)

The next step, which is crucial, is to admit small damping
forces, Qi’ such that the oscillation envelope decays in a time
which is long compared to one period of oscillation. The motion cf
each "normal mode' is a fast oscillation within a slowly varying
envelope, For approximation of the "envelope' we shall allow the

"arbitrary constants,” J«. to vary with time in order to admit small

kl
Qi' Theaﬁ\k(t) will be determined by use of the energy relation {6.3)

on an average basis,



3. Approximation for the Decay ofJ\j{

The crux of the present method is to separate the smoothed
(averaged) envelope motion from the vibratory motion, To do this we
employ an averaging argument which has asymptotic validity as Qi -+ 0
(see Appendix B or BOGOLIUBOV 1, KRYLOFF 1, MINORSKY 1 and 2 for
similar reasoning).

Define the average of a function of time as

T

{¥(q..a.)\ = 1lim )/hf(q.,&.)dt 6.7
i lJ"/\‘k?‘l’k Tosco A it

=] Lo

where -/\-

k? 11Ik
average energy is, using (6.2), (6.5), {6,7)

are held constant (denoted by the subscript). The

= 1 2 J\_Z 1 A2
H = 3 [aijwk + cij ] Re(AikAjt) k= 3 HkJ o (6.8)

where A* is the complex conjugate of A, and Hk is a constant de-

fined by (6.8). This result is easily modified for non-constant aij’
4 °

b. ., cij° Now the average of the function H = Qi&i = P(qj’qj) is

ij
calculated to be

H=5(q,q) = H (6.9)

0 L
where H = H if the function H is well behaved (which it is, as is

clearly seen from (6,8), The differentiation H refers to the fact

that the -\, vary with time to make (6,9) holds

Now postﬁlate that the power expressions is a polynomial in qi’ai'
N
}T Qjéj = P(q,q) = = Ogj&iqj = Pk qi&j&k
J= (6.10)
o o O
- Yijk qlqjqk ~oecaes

+ FOURTH AND HIGHER DEGREE
FORMS IN ¢, q;
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To average such an expression we substitute qj, éj into (6.10) and,
holdingJALk, vk constant perform the averaging operation of (6.7).

It is easy to see that this operation reduces all the terms with an odd
number of indices to zero and gives a form in-/\k(dropping terms higher

than third degree).
s L 2 _ 2 A2 _ 2 A2 A2
P = Fk./\-k ij./\k Aj T s '/\‘j'/\"k‘/\'[, (6.11)

The coefficients in (6.11) stand for functions of frequency and can be
derived from an expression such as (6.10) or from experimental consider-
ations directly.

Now we use (6.8), (6.9), and (6.11) to calculate the power balance
requirement, This is one condition to determine the NJALk's. This

leads to (defining a useful function W)

W Z./\ Ay v m A Z SEA,

(6.12)

]
o

+ Z Z J\"‘Az./\}

J=1 £=1

We need N=1 conditions on-ﬁL to fully determine the envelope motion.
These are provided by letting aﬁ\ JAL [JAL (o); t} (j =1,2,...,N);
that is, each JALk motion depends only on N arbitrary initial motions
and time. Note that, _/\k(o) —-ﬁLk[_/& (o), o] , by definition (see
(3.2)).

This requirement is a direct consequence of our desire to describe
envelope motion by N differential equations of first order. Note that
the expression (6.12) for W 1is to vanish identically for all motions
A,

cept one term which is not? If we express W as

What if all the terms in curly brackets in (6.12) are zero ex-
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N ,
W = Z (\ gk(A_ ,t) =0 (6.13)
1

k=

where (not summing on k)

6 = H “A\k R '/\k

>

gk(

N
¥ /\j Sk /\‘j'/\‘k * Zerk[,A?'/\'j'/\k
J

(3
Il
=

The assumption is

g =0 for k #n

(6.14)
g #0 for k =n

But from (6.13) ( W = 0)

_A_n(t) gn(J\.,t) =0 (no sum)

which requires J\.n(t) = 0 all t. This contradicts our assumption
that the J\.J,(o) are arbitrary. Clearly the assumption of which

number n takes is arbitrary; so the following hold for all t and k:

N
A 2
gk = Hk-/\_k + Fk-A-k + Z GJkAJ-Aj(
J=1
(6.15)
N
2 A2
+ ijzAj J\_]&./\.k =0
=1

J
£=1
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This is the fundamental eguation of the method. From this equation
we can deduce the motion,./\k, of the envelope of oscillations for
sufficiently small power loss functions., There are N first order
non-linear differential equations with N initial conditions. The
solution to these equations is not possible in general because of the
non=linear coupling; but for N =2 it is possible to discuss the
equations using phase plane methods.

The equations (6.15) represent an extension of Rayleigh's observa-
tion that for viscous~type damping (P = oaj &i éj) for forces and
thus the motions can be derived from a single function, the power <
(STRUTT 1). He named this the 'dissipation function," an apt expression
because Rayleigh excluded from P the part of Qi derivable from a
potential; the remaining part, of course, defines the damping. Our
function P is sufficient to derive a first approximation in the cases
where (6.11) holds; thus the assertion that P represents an extended

Rayleigh dissipation function,

Summary of the Method: Given an expression for P, either from

an expression like (6.10) or empirically, one uses the expressions
for the energy (6.2) in the following manner,

(a) Obtain the solution to the linear differential equations
(6.1) with the damping forces Qi = 0, This involves finding the

matrix Aj by solving the set of equations (6.4) and also find-

k
ing the natural frequencies from the determinant of (6.6).

(b) Calculate the averagekenergy (Hamiltonian) using (6.5)
and (6.2). This gives equation (6.8) and thus the coefficients
Hk (c) Use the coefficients of P (given) and the Hk to com=
plete specification of (6.15).

(d) Solve (6.15) by approximate or analytical means or by
using a digital computer. A computer will be saved many integration
points, and therefore computations, by using (6.15) in lieu of
(6.1). Of course, if P is only known experimentally, then (6.15)

represents the only solution because the Qi are not known ahead

of time (before integration of (6.15)).
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In the cases where the coefficients of equations (6.1) are not con-
stant but vary with 9 di’ we musl make a further observation. If
we set Qi = 0 and employ the Lindstedt-Poincare procedure (MINORSKY 1
and 2) to develop an asymptotic series for q; qi, then we can use
these approximations in place of (6.5) as "generating" solutions. The
equations (6.15) will be modified only to the extent that their coef-
ficients become functions of ’/\k' It turns out that only perturbation
in the phase wk in the Lindstedt-Poincare procedure will effect the
damping motion to first order. This addition involving non-linear
equations (6.1) is easy to apply upon mastering the arguments leading
up to (6.15) but cumbersome to write down in the general case,

To demonstrate the above procedure two examples will be given,

C. TWwO EXAMPLES

As examples, a one-degree-of=-freedom harmonic oscillator and a
two~degree~of~freedom gyroscopic system are chosen. Each of these

systems is linear except for the damping law, which is non-linear.

1. Single Degree-0Of-Freedom Harmonic Oscillator

This example treats the case of a system described by the

differential equation
.o 2 .
q + wya = Qlq, q) (6.16)
for the case where the average power loss law is given by
P==-bq% (@>1, q> 0 (6.17)
max = 7?7 “max
where b and o are some constants, possibly determined empirically,

This power loss could also be derived from a force law, e.g.,

Q=-C l&laﬁlsgn q (where C is simply related to b).*

*

sen 4 = a/|q
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The linear solution for Q =0 is given by (see Step (a))

q=9q. cos(wot + ) (6.18)

Qe
H]

- i t +
wo qmax 51n(wo )

These can be verified by substitution into (6.16) holding qmax’w
constant. If qmax’w are allowed to vary slowly (which they will if
b is sufficiently small) then the average energy and power are (see

Steps b and c), since E = H,

u?
= 0 2
E = 2 Ynax
(6.19)
2 . — a
= =P = -
Y Unaximax quax

These equations (6.19) are derived by analogy with (6.12). The motion

of qmax(t) by analogy with JAL of (6.15) is easily seen to be (Step d)

.

b o1
— =0 .
* u? qmax (6.20)

o]

m

The solution of (6.20) is, by direct integration,

1
2-q
2-¢ b
qm(t) = {ﬁm ) - 2~ ;5— t }- (a # 2)
o]
(6.21)
b
qm(t) = qm(O) exp [— ;5— t ] (a = 2)
(o]

The case @ = 2 corresponds to the ordinary linear damping case; the
case (@ = 1 corresponds to an ideal type of coulomb friction Q= - ngn&);

the other cases may possibly follow some empirical laws for damping.
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2, Two-Degree-of~Freedom, Gyroscopically=Coupled Systems

The system to be treated may be based on a model of a two-
degree-of~freedom gyroscope with restraining gimbal springs, on the
roll~yaw equations of a satellite librating in the gravity field of
the earth (DEBRA 1 and 2), oern many other such systems involving

cyclic coordinates. The equations of motion are given as

!
O

L+ wz + hq, =
9 1 9 g
(6.22)

*0 2 L ]
4y + Wy 4y = hg; = Q,

The roots of the characteristic equation are found from the factors

of the polynomial

A = 02+ wf)(xz + wz) + 12 (6.23)

We denote these roots by Ql' fl and calculate Aij as in (6,6)

2
letting Alj = 1, This gives
1 1
A = i Q -j Q o
ij i h 1 ih 5 (6.24)
2 2 2
Q7 - Q7 -
1~ % 2 wz_J

The response can be written down as in (6.5)
. Q s Q
- A el( Lt LA 1(Q,t4y,)
S TS| 2°
(6.25)

. i(Qlt+¢l)

i@ty N
q, = 1i48 _/\ e 2 2
1 L1 1

* Q2“/\29 Ji
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1(Q, t+y) i(Q t+y,)
Q /\1e 1 1 Q /\ e 2 2
g. = ih 1 _ r "2
2 < Q2 - 2 Q2 - 2
1 1 2 2
\
2 i(Qlt+¢1) A i(ta+¢2)
> < 1 1° _ 087 \pe
qz—
Qz - w2 92 - wz
1 1 2 2

The energy is found from (6.22) to be (as in (6.2)), since E = H,

_ 1 2 .2 1,2 2 2 2
E= 3 (ql + q2) 3 (wl a; + w, qz) (6.26)

The average energy is computed, using (6.25) and (6.26)

7_ L 2A2 . 2A2 1 2. A2 A2
E= 7 (Ql Lt 92/\2) + 3 wICJ&f */\2)
1 2 2 thj\i 2
+ 2 (Ql + wz) 92 P (6.27)
- W
2
Q h/\ \ 2
1 2 2 2 2
+ = (O, + w) — .
4 27 | 2 T2
2 2 }

This energy expression is actually exact (E = E) since the solution
(6.25) is exact and E=0 if .ﬁkl,JALz are constant. This is true
in all linear cases of (6.8).

The coefficients in (6.8) are

2 2
2E. = wz + 292 : wz Ql "
1 1 17 P2 2 2.2
(Ql— W)
Q2 2 (6.28)
oE = w2 + 202 & o2 2
2 = Y 2 T Y 2 3
(92— w_)
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As an interesting example of the method, the dissipation forces

are assumed to be of the non~lincar form,

. 2

Thus the power is, applying (6.2)

= Q.4, = -D_q2 =~ D_g° &2 (6.30)

1% 1% 29 9

and the average of the second term of (6.30) is

N2
Lim .% f{Acosg +ACOS¢ 49 N sing, + 9N\ sing. ¥ at
. 2, "1t 1 27 272

(6,31)

where the integration of (6,31) is carried out holding J\j, J\?, 1

=Q
¥, constant and where ¢1 1t Vg ﬂz

(6.31) is, of course, equivlllent to the first term in the Fourier series

= ta + W2° The average of

P, Thus we have

el
i

2 2 2/ 2 2 2 2 2.2
——(Q_/\_+Q_/)--Z[(,/\1 /\)( 22)

(6.32)

1 4 2 4 2
3 S L8

By applying (6.15) we get two differential equations for the envelopes

-A—l and A2 —2 °
1 2 2.2
J\1 J\i ﬁ_z \191 +/\Ja2 }: 0
Ezj\ + El 93/\ + 23./\ J—EJ\?QZ +N202 l— 0
2 2 2 4772 | 27 22 i R

(6.33)




Let Sl’ Sz, Rl’ Rz, Bn be defined as
2
Q
S. = g
1 2E
S, = (6.34)
2
w2
T 4E
1 4 1
HR, = Bg
2 4E2

The p parameter is assumed small so as to approximate the equations
A 1
11\% 2 j\g 2
+ — -
JL' Sl,/\1 + pRl{z Ql + Qzﬂ\hl

1A2.2 2.2
'AE + SZJ\.2 + uR, {—2-./\.292 +Alﬂl }/\-2

by the expression

i
(@]

(6.35)

1l
o

-A-l =.A..§.> + H-A.-i Foeoosoe

(6.36)

_/\_2 =A; + u-/\.; Toeooss

Using (6.36) in (6.35) we get by identifying coefficients of powers of

p  up to order uz,
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dﬁ\; + sz./\; =0
' (6.37)
r
1 1 i1 0,2.2 0.2 .2 | _
/\_l + slf\l *R 13 (/\l) o2 + (./\.2) 22 }_ 0
1 1 1 0,2.2 02 .2 |
AL, sp/\} + &, {5 (Ap2Z + (AD? of }- 0
It is assumed that initially ( t = 0)
M =A@ 3 Al =0
(6.38)
-/\-2(0) =-/\-;(o) ; -/\-;(o) =0

Solving recursively (6.37) subject to (6.38) we obtain in a straight-

forward manner a first-order approximation in u.

2 2
-S.t Q7 _/\_ (o) -S.t
j\.l(t)=el{/\_l(o)-pRl —1—28—1————(1-e1)
o ./\_g(o) ~(25,- §))t
1l
v oas,ms, e ) }
2 1
(6.39)
2 2
o -S.t a2 A2 -S_t
: 2 2 2 2
J\zm Ze {—/\-2(0) - uR, 5, (1-e 2)
a2 [\ 20 ~(25,- 5t
s, (e ) }
1 2
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We observe that if pRl > 0 the perturbation decreases the envelope
response time and if uRl < 0 the envelope response is slowed down,

This is as we might expect from power considerations since uR >0

means more power loss at a given JA\ fo and vice versa. This can

be seen analytically by calculating for ,ﬁ\ (o) = the "time constant, !
7, defined as the time for the value of JAL (f)/JA\ (o) to reach 1/e.

To first order in  this is easily found to be

nR
= L - —1 g2 A
T = 5 {1 0,316, ) & (o) }

1

This shows that to first order in pu, <« decreases linearly with in=-

creasing JALI(O) for pRl > 0,

D. CONCLUDING REMARKS

In this chapter the author has attempted to show how, by applying
a power balance relation, one can arrive at the "envelope motions" of
a lightly=-damped oscillatory system, The method depends on knowledge
of the undamped differential equations plus the expression for average
power loss. The expression for average power loss is sufficient for a
firste®rder approximation in a large number of cases involving non=
linear damping.

The above method may be especially important in the analysis of
vibrations involving empirically known damping laws, The results are
derived more directly and give more physical insight than similar equa~
tions derived for one=degree~of=-freedom systems by Krylov and Bogoliubov
(KRYLOV 1 and BOGOLIUBOV 1), These results will be used extensively

in Chapter VII to approximate the damped librations of various satellites,



CPFAPTER VII, THE ANALYSIS OF CONNECTED SATELLITES

A, INTRODUCTION

Catil about 1960 nearly all work® on gravity gradient stabilization
schemes was confired to consideration of a single rigid bodv with pzre=
haps gyroscopes (CANNON 1) or a 'damping sphere” (DEBRA 1) iuside for
damping. In the 1lasi three years several vehicles have been proposed
using connected, external moving parts for damping and to magnify the
gravity effect, These vehicles seem to be the most efficient purely-
passive attitude control systems because they are capable of large
relative motion between bodies, and because they can increase stability
about any given axis.

This chapter presents tae results of an analysis of three parti=
cularly interesting connected satellites, interesting because they
possess important engineering advantages while at the same time creating
certain unusual dynamical problems. The analysis of each satellite is
given in essentially similar steps. These are: (1) equations ot metion,
(2) stability of equilibrium, (3) response to disturbances due to &n
eccentric orbit, (4) damping of the transient motions,

The analysis of these examples is preceded by a brief discussion of
a single rigid body in order to display clearly with a simple exarw=le
some features of the more complicated systems. The techkniques developed
in Chapters I1I, III, and VI are used freely in this chapter.

The three satellite designs to be discussed are:

(a) Vertistat = This vehicle, shown in Fig. 7.1, consists of a long
"boom," rigidly attached to the satellite, and two hinged "rods" il the
end of the boom, Thebrods are at equilibrium in a plane normal to tne
axis of the boom, The boom and the mass on the end provide increased
gravity torque stabilization for the body, while the rods are coupled

to the boom via a dissipation mechanism to damp the vehicle motions,

%
A notable exception is Reference BREAKWELL 1,
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FIG, 7.1. THE VERTISTAT SATELLITE

wi

FIG, 7.2, THE BEAM SATELLITE

FIG, 7.3. THE TRAAC SATELLITE

wd
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(b) Beam - This design (Fig. 7.2) uses a small mass attached to the main
satellite by a thin beam; during satellite librations the beam oscil~
lates and thereby dissipates energy (elastic hysteresis), attenuating
the vehicle librations,
(c) TRAAC - This satellite design (Fig. 7.3) consists of a small mass
attached to the main satellite body via a "lossy spring" and a rod
rigidly attached to the body. The spring damps (by elastic hysteresis)
the motions in the orbit plane, and ferromagnetic rods interact with
the earth's magnetic field to damp out-of-orbit-plane motions. This
satellite has been orbited twice.

These three examples of damping and stabilization systems will be

discussed in sequence in the sections that follow.

B, THE SINGLE RIGID BODY

It is well known (see Chapter II, Section B) that the kinetic and
potential energy expressions for the attitude motion* of a single

rigid body in a gravity field are

1
—zg'n w o

%Sﬂ

(7.1)

VaRB =

nvlw
e
=3
!
s

where ga is the angular velocity of body "a" relative to inertial
space axes, 1% is the body moment of inertia dyadic given in (2,9),

L . .
R is the radius vector from the center of attraction to the center

A
" C
of mass of "a", R

is the unit vector in the direction R°, and
k is the gravitation constant for the particular attracting body in

question,

That is, for rotation relative to the mass center of the body.
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In order to describe the energy expressions in terms of generalized

coordinates we choose a set of Euler angles, T
by successive rotations about the ! axis (Y?), the new 2 axis

A
(Y;), and then the new 3 axis (Yg) (Fig. 7.4). The basis unit

a
1’

a a .
Yz, T3, described

A . . c A .
vectors are a 1 axis along the radius vector, R, a 3 axis along

A
the orbit angular momentum vector, and a 2 axis normal to the other

A A A
axes such that 3 x i = 2, The 2 axis points roughly along the

velocity vector of the vehicle in orbit.

The new set of unit vectors

A A A
attached to the body along principal axes are 1la, 2a, 3a and are

described by the Euler angles 7?, Y;, Y; . The rotation scheme is

given in Fig. 7.4 and the transformation equations are given by

A
3a

A a a A a . .a . ! a
=1 cosY,, cosY, + 2[cosY1 siny, + 51n7% siny, cosv, ]
+ g [sin 2 siny2 - cos & siny? cosYa]

i 3 Ty sinY, 3
= =1 cost® sinr? + 3[ osT® cosy® - siny® siny® sin a]
= Ty SinT3 COSTy coSY3 Ty sinT, sinvg

+ 3 [cosy? siny> siny + siny” cos a]
¥y SinT, Sinvy Ty ¢08Y3

A A

AN . . a - a a a
=1 51nT2 2 51nYi cosYé + 3 cos‘rl cost

(7.2)

From geometry based on Fig. 7.4 we can derive the angular rates about

the

where

A A A
la, 2a, 3a axes as

Ul

a ca a a, ta _...a. *.4A A

w = [Yi cosY, cos¥, + ¥, sinyg + n(3 * 1a)]
a ‘a a ‘a a . . .a A LA
wy = [Tz cosy, = T; COSY, sinyg + (3 * 2a)]
a ra ‘a . . a . A A

wy = [TS + Y] sinT, + n(3 « 3a)]

is the true anomaly of the satellite's orbit.
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FIG, 7.4,

BODY EULER ANGLES
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Using (7.2) and

. A A A a
ing that the 1la, 2a, 3a axes diagonalize II

Ac

A
(7.3) in (7.1), noticing that 1 = R, and assum-

because they are its

principal axes, we can derive the full expressions for the kinetic and

potential energy of

particle,

a single rigid body in the gravity field of a

8, = —é- [Ii(wi)z + I;(wg)z + Ig'(wg)z]
V;B = % IREIS [(Ii - I;) coszvz coszrg (7.4)
+(1§ - I;)sinzyg ]
1, Stability of Motion
The case I> = I? (the "symmetrical" case) has been treated

2 3

exhaustively in Chapter V

stability analysis discussed there.

will be treated here for the small oscillation case, although the

methods of Chapter

\'s are available for large—angle analysis. In

particular we can obtain bounds on the libration motions using the

stability methods o

f Lyapunov as applied to mechanical systems,

from the point of view of the methods of

The case of a general rigid body

It can be shown easily for the single rigid body that the system

is in equilibrium any time the body principal axes are aligned with

the rotating axes

N

-2 ¥

A A
1 2, 3. To investigate this equilibrium, which

holds for a circular orbit, we may use the relation k/l§9|2 = n2|§F|

for circular orbits
orbit., The rate of
mean angular rate,

the Hamiltonian for

where n 1is the angular rate of the satellite

change of the true anomaly, ﬁ, is equal to the

n. Using a smallwangle approximation we may write

the single rigid body as (see 3.8),

2

1 _a,sa.2 a,*a,2 a..a,2
H= 51,07 + 1,007 + 15(r3)
2
n a a 2 a a a,2
s 2= {3(12 DG+ 40f - 1DGY

+

a a,,. a2
a - 1,)0(r)) }

~G3-
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The above expression for the Hamiltonian gives us the criteria for
stability. Referring to the stability method of Chapter III, we see
that for H to be positive definite the following inequalities must
hold:

15> 1 > 12 (7.6)
With this information we may state that (7.6) is a sufficient condition
for the stability of motion of the single rigid body. Furthermore, if
there is any dissipation of energy (for example by means of gas-jets
and feedback) the condition (7.6) is both necessary and sufficient for
asymptotic stability providing there is damping in both pitch (Yg)
and yaw-roll (Y?, YZ) motions (see Theorem V, Chapter III, and its

corollary).

2, Linear Equations of Motion

From the energy expressions (7.l) we may also derive the equa-
%
tions of motion by using Lagrange's Equations. The linearized

Lagrangian for the single rigid body is

_ 1 acca _ a2 a ’a a\2
L = 5 {Il(rl nYz) + 12(72 + nrl)
F 12G3 2 (7.7)
3''3 . :
n2 a a a2 a2 a a a2
- 3(12 - Il)(rz + g ) + (13- 12)(72) }

Using this in Lagrange's Equation for the angle Y? gives

di \?L - B: = Q. a (7.8)
oy oy Ty

"Linearizing," refers to the retaining of all linear terms in the

equations of motion, This necessitates retaining second—order terms in
the energy.
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a _a a 2
p + k32 hlp 0 L8 QY;/Iln
n? PP+ ax® 0 a Q a/l.n2
2P ' 31 T2 | = vy "2
0 0 + 3k 2 Q a/I.n2
p 21 3 vy 3
+ 2e sinct

In the above equations the products of angles and eccentricity have
been neglected on the assumption of small eccentricity. The relations
for expansions of the coordinates in terms of the elliptic elements
have been used, (SMART 1), The time was normalized to the orbit angu-
lar velocity n by the relation, 1 = nt. The nomenclature for the

equations of motion in terms of normalized parameters is:

P = s/n = normalized Laplace transform variable

= Laplace transform variable

T ~ = nt = normalized time variable
e = orbit eccentricity
QYa = generalized force -- torques on the body
i Ia - Ia
ka = 2 1 = body shape parameter
21 Ia
3
12 - Ii
k> = = body shape parameter
31 2
2
a a
a I3 - I2
k = = body shape parameter
32 Ia
1
12 4+ 12 - 12
= 2 3
1 Ia
1
a a
1 - 1@
ha B + 12 I3
2 2
2

1
©
(3}

1



It is very important to notice that the pitch motions (Tg) are
uncoupled from the roll-yaw motions to first order in the angles and
the eccentricity. This property means that any method used for damping
must either damp both motions separately or manage to couple the

motions while damping either pitch or yaw-roll.

3. Forced Motion Due to Eccentricity

The forced motion that arises from the term 2e sint on the
right of (7.8) disturbs only the pitch motion, to first order. The

forced motion is

Yé = ;;;——:T;' sin 7 . (7.9)
21
This motion will hold always unless the parameter Kk is set near a

21
resonance or sub-~resonance point of the orbit frequency, or unless the

roll-yaw equations possess a natural frequency that is close to the
orbit angular velocity. These eventualities have been investigated by
DeBra (DEBRA 1) for the non-linear equations of motion. The possible
elimination of large motions and instabilities due to resonances is

one of the objects of any design procedure for actual damping systems,

4, Damping of the Motions

There is, of course, no damping of the motions of the single
rigid body. To damp the motions passively we attach other bodies to
the main rigid body and utilize the relative motion between bodies for

damping. The raison d'@tre for the systems that follow is to achieve

damping and simultaneously to provide greater stability of the main

body against disturbances,

C. THE VERTISTAT SATELLITE

This satellite design, similar to Breakwell's "hinged satellite,"
was first proposed by Kamm (KAMM 1), The satellite (Fig. 7.1) con-

sists of a main body with a long extensible boom rigidly attached;
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on the end of the boom, and at right angles to the boom and the orbit

ot

plane, is mounted a "pitch rod’% and at right angles to the pitch

rod, in a plane normal to the boom, is mounted a "roll rod." These
rods are suspended in a pair of torsion bearings from their centers

of mass; their motions are kinematically independent. Damping is
supplied in the bearings either by the viscous action of a fluid, by
magnetic hysteresis between a permanent magnet attached to the boom
and ferromagnetic pieces attached to the rods, or by magnetic eddy
current effects. The pitch rod provides damping for the body's pitch
motion and the roll rod for its (coupled) roll-yaw motion. (Pitch and
roll-yaw motions are, to first order, independent.)

This system has been investigated by workers at the Bell Telephone
Laboratories (FLETCHER 1, PAUL 1) ard by Tinling and Merrick of NASA
(TINLING 1), These publications show that such a system could be built
and would have dynamical advantages over other passive devices. The
Tinling and Merrick paper describes a system with only one bar placed
across the orbit at an angle of less than 90 degrees to the orbit plane.
This couples all motions and thus provides damping of all modes with

just one rod.

1. Energy Expressions

Consider a rigid body described by the Euler angles Yl’ Tz,
YS in the usual sense of rotations {see Sec. B, Part 1). The body
A A A

is centered at the origin of the 1, 2, 3 system of unit vectors.
The kinetic energy can be easily written using (2,7-8) and defining the
position of the "pitch rod”" (Fig., 7.1) as an angular deflection, 0,
from the equilibrium position (which is perpendicular to ?b and
parallel to Qb) in a counterclockwise rotation about an axis parallel

to the gb axis., The position of the "roll rod" is defined as a
counterclockwise rotation of the rod, @, about an axis parallel to
the ﬁb axis and passing through the axis of connection of the rods.

Let us define the mass of the roll and pitch rods mp and mp,

respectively, The rods are taken to be long and thin and thus are

specified by one moment of inertia per rod; let Ip and Ir be the
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moments of inertia about the centers of mass for the pitch and roll
rods, respectively. The rods are suspended in the bearings from their
centers of mass.

Using (2.7) and (2.8) the kinetic energy is written as

I
_ 2, b2 b2 P b . 2.2
T._TRB+M,(w2+w3)+ 2(w3+9)
I b.2 Ip b b 2
+ 5 @ + wz) + 5 (wl cosf® + Wy sin ©) (7.10)

I
R b b . 2
+ 3 (wl cos @ + Wy sin 2
where £/ 1is the aistance from the center of mass of the rigid satellite-
plus-boom to the point of attachment of the rods. The reduced mass is
defined as
M +
. (mR mp)
= ———— .
M
B + mR+mp
The potential energy is written using (2.8) and a linear law for
the tqQrsion springs that form the rod bearings., The spring constants
for these torsion bearings are ksp and kSr for pitch and roll

springs, respectively.

(7.11)
SN 2 AA 2 2 AA_z 2 AL A A X
+ Ip[(l.Sb) + (1+1b)° cos“9 + (L+2B)% sin ® + (1+1b) (1-2B)sin28]

+ IR[(E-'ﬁlo)2 + 1102 cos®d + (1-30)2 sin’d + (1.1b) (1,3b)sin20] }

2, Linear Model of the Vertistat

It is desirable to have an analytically tractable model for the

small librations of the satellite, while still maintaining sufficient
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accuracy for engineering purposes. We form a linear model by noticing

that the point Tl = Y2 =Y.=6=06=0 is an equilibrium point for

3
the system and expanding in power series about this point. Assuming

small eccentricity this gives, using Lagrange's equations, the follow-~

ing:
p° + 3g e e o 2+ o)
21 3 3 YS P
+ 2e sinft
= (7.12)
Qe/nzlr
p
2 .
=(p” - 3) P2+ b; P+ w2 8 ~-2e sinT
| I p— - - S —
2 9 ‘
- 1
P+ gs, h,p 2r,p "1 ‘ ‘er./_n 1
2
-th p+ 4g31 rz(p -4) T, | = 2 (7.13)
I + B
R
Q
2 2 ' 2 7}
2p p -4 p 4+ bRp+wR & —
IRp

In these equations viscous damping has been assumed in the bearings of
the form Q4 = -bpe, Q¢ = -bR¢ .

The nomenclature used in the above expressions is the following:

P = s/n = Laplace Transform variable for
normalized time

T = nt = normalized time
11,12,13 = body and boom moments of inertia
Ip,Ir = rod moments of inertia
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]

I_ + p,zz
2

I, + 22
3 K

distance from body C,M.to point of rod con-
nection

MB(mR +m )
MB+ mR+ mp

masses of the main body and boom, roll rod,
pitch rod, respectively

= reduced mass

B - Il - Ip

I
1
C - I1 + 1/4 Ip - 3/4 IR
I
B » R
C+I1I -B - Il - IR
I.
1
C-B~I +1I -1
1 P R
B + IR
r
I
1
IR
IR + B
1
P
I +C
P
by 2 Kep .
nIp P w21
b
Pr R S
nIR R~ 2
SR
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The stability conditions are obtained from the requirement that
H be positive definite. This is equivalent to requiring the principal
minors of the matrices (7.12) and (7.13) to be positive with p = O.

This computation gives the following inequalities:

>0 - (7.14)

2
gale - 4r2 >0

These inequalities relax the condition on the shape parameters of the
body if wpz, sz are large enough., Notice that none of the stability
criteria in this chapter depend on the damping parameters if H < 0;
this property follows from Theorem IV in Chapter III since the testing
condition for stability is independent of P and dependent only on

U, This is stated as a Corollary to Theorem V of Chapter III,

3. Forced Motions

The forced motions of (7.12) due to eccentricity of the orbit
can be determined by the usual methods. The motions are given by

- Y

2 W= 1+ jb! C) -1
P p
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where 6 = ge’", Yy = YSeJT. The solution of (7.15) gives the motions

for small eccentricity. Let

Q
|

2
= (3g21 1)(wp 1) - 4r,

w
i

' -
bp (3g21 1)

Then, the forced response is

Yy = [—5339—-—} {ta(ws -1+ 2r,) + b;ﬁ] sint

2
Q“ + B
+ [béa -8 (wﬁ -1+ 2r3)] cosT }' (7.16)
2e(3g21 + 1)
8 = 5 5 [~ B cost + & sinT]

a +B

Since for good attitude control we would like st small, it
may well be that there are choices of parameters wp’ Tq, b; such
that Y3 is minimized. It will be shown below that there exist
sets of parameters for which YS = 0, These are the so-called
"vibration absorber" designs so useful in design of machines. Clearly
the condition for such designs is that the coefficients of both sin T

and cos 1t in (7.16) for Y3 must be zero. This leads to the equa-

tions

(wz -1+ 2r.) b! o 0
P 3 P

2
b! =-(w~ =1 + 2r.) 0
p p 3 P

— — o —

These require that, quite independent of « and £, the determinant

vanish.
(wz -1+ 2r )2 + b'2 =0
P 3 p
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This is impossible except for the undamped case (b' = 0) for which,

in addition,
wi =1 « 2r (7.17)

for vibration absorption, In this case the motion is

Y3.=.0
(7.18)
6 == -%— sin ¢
3
A 2
For stability wp > 0, so
0< ry< 1/2
-3r3
€y > T oo <O (7.19)

must hold for simultaneous stability and vibration absorption. Notice
that, since T, < 1/2, trouble with damping will be encountered for

vibration absorber designs. This is true because the coupling between
the Tg motion and the rod motion (6> will be very weak and there-
fore the YS motion will converge much too slowly. This will be seen

more clearly in the next section.

4., Damping of the Motions

The vertistat motions in response to initial disturbances can
be calculated for arbitrary, light damping forces by the method of
Chapter VI. In this section the methods of approximation developed in
Chapter VI will be applied to the motions of a typical vertistat design
with magnetic hysteresis damping.

Yaw=~Roll
The characteristic determinant for the yaw=roll case is found from

(7.13) to be
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2 2 4 2 2
AyR(p ) = [pT+ gsz][p (1 r2) + D (4g31 + owp + 8r2)
+ 4w2 g.. = 16r_] (7.20)
R 531 2
2 2 2
+ h,p [ (b, + 2r)p" + (b up = 8r))]

2 2
+ 2p"[(hyr, + 2r)p" + (8r) = 4nr.)]

€33

with bI'{ = 0, The solution for the response envelope can be written,

following Chapter VI, §ection B, as:

. —_ o —
Jlu,x + y,)
AT h
Yl 1 1l 1l 1e
: Jlut + ¥.)
2 2
T, | = A, Ay A,q _/\2e (7.21)
Jlw,t + v,)
3 3
g A A A N.e
] ! 32 33 | |73 B

where the "mode shape factors," A ., are

1]
Jwk
A = =— N
2k Dk k
= duk
A3k Dk Mk

after defining N M and D as:

kl k’

-

2 . 2 2
N = hz(wR " wk) 2r2(4 + wk)

k
M = 2(w2 -4g ) + h_(4 + w2)
k k 31 2 k
: 2., 2 2 2.2
Dk = (4g31 wk)(wR wk) r2(4 + wk)
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The method of calculating the response of the system to initial
disturbances follows that discussed in Chapter VI, It consists of re-
quiring that the amplitudes.l/\k vary with time in such a manner that
the rate of change of energy equals the average power lost in damping.
The Hamiltonian can be written upon averaging as

3

- 1 2
H= 3 z Hk/\k (7.22)

k=1

The power balance relation is

3
H=f=pP-= Z Hk_/\k/\_k (7.23)
k=1

This equation must be supplemented by a relafion between the average
power and the amplitudes./\k. This relation is derived or taken from

experiment by defining the average to be

T
— . 1
P= 1lim T fP(t) dt
Toeo 0

In this time integration the variables Wk and./\k are held constant,
At this point it is assumed (for lack of experimental evidence as to
the analytical character of P) that the energy dissipation per cycle
of oscillation depends only on the amplitude ASkJALk and, further=-
more, that the energy dissipated in each modal oscillation is inde=-
pendent of that dissipated in the other modes. This means that in
traversing the magnetic hysteresis loops the form of the area swept out
is the same for each oscillation frequency. These considerations lead

to the following functional form for the average power dissipated.
3

—_ . 3 !
P==-<4 21 F, (A )} (7.24)
{ R R Z k 3kj\k

k=1

where A\ is a 'damping parameter."
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If the function F (Ask/\k) is quadratic (the linear case) then

we obtain the following solution to the transient problem:

3 3 .
5 _ _ 2 _
P = Z Pk/\'k - Z Hk'/\'k/\k
k=1 k=1
2 2
B= ) I wp |Ag | (7.25)

Hk/\k + Pk/\k =

In the present problem the energy coefficients are calculated using

(6,21) and the Hamiltonian, H, as

I + B r
R 2 2 2
B o= —— {?- + ]A2k| *r, |A3k| + 2r Re(A, A Sk)}

1
I +B r
R 2 2 2 2
= 42 + A A
* 2 r; ©32 R TLE  P E
- 8r_ Re(A_ AL )
Ty ek A3k’ T

)

The solution to the equations of (7.25) are simple exponentials given

by

-/\-k(t) =/\k(o)e"'/Tk ;T = (7.26)

where Tk is the "time constant” of the envelope decay.
As a specific numerical design example assuming the "linear"
damping of (7,25), the following vehicle parameters are chosen; they

have been chosen by trial and error and are not in any sense optimum.

-
il
=
]
I
It

2
120 slug ft = body moments of inertia

1020 slug ftz

s}
I
Q
]
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u = 1 slug = mass of rods, etc.
2 = 30 ft = length of boom

Ir = 50 slug ft2 = inertia of roll rod
Ip = 112,5 slug ftz = inertia of pitch rod
€97 = 0,75

831 = 0,83

839 = 0.82

h1 = =0.48

h2 = -0,0564

ry = 0,42

rq = 0.1

w2 = 4,0

r

w? = 2,22

p

Using the above parameters and solving for the roots of A&R’ the
shape parameters, Aij,and the time constants gives the results (see

Fig. 7.5) of Table 2.

TABLE 2
ModekNumber u% Azk A3k XTk
1 0.565 -j0.034 -j0.35 1.35
2 1.69 jl.18 +3j1.23 8.5
3 2,66 -j0.44 j3.28 1.07
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FIG, 7.5, MODAL MOTION FOR YAW-ROLL OF VERTISTAT (YAW MOTION; sin(o)
IN ALL MODES)
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For the case of A\ = 1/81 the longest time constant is T2 w 213
(or 34 orbit periods). This is a realistic but possibly conservative
estimate of A for the magnetic hysteresis case and corresponds to a
situation in a one-degree-of-freedom system where one-half of the peak
stored energy is dissipated per cycle of oscillation, The actual
magnetic materials will behave in a non-linear fashion which will now
be shown,

Since we do not have data on B we may use the single-degree~of-
freedom result given in Ref. FISCHELL 3 for ferromagnetic materials
in large oscillations. Generalizing the result for one degree of
freedom in an obvious way gives a power law behavior for the dissipation

in each mode (still assuming that the dissipation doesn't couple the

mode response).

3
— _ 3 . z
P =~ Iu Z |A3k/\,k[ (7.26)

where f is a coefficient that is not equal to two (linear case) but
is not necessarily an integer. The damping law of (7.26) gives an
envelope response differential equation of the form

A 3 LA L= _
H A+ g ag [PAL = o (7.27)

These three differential equations may be separately integrated to give

the time response of the envelopes.

X
2=p

J\k(1) _ (£-2) <, (2> 2) (7.28)

ey 1+
%(o))z‘” T

—/\450) -

The concept of "time constant' is generalized by the definition
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It can be seen that, for the value often given for magnetic materials,
(FISCHELL 3) 4 = 3, we get a response which depends on the initial

conditions but is a well-behaved hyperbolic shape:

. -1
L\t 1 +JA\{(0) = (7.29)

A T,

For the cases £ > 3 we run into trouble and the response takes a long
time to damp out for small initial disturbances. It goes without saying
that in these considerations the constant A takes on different mean-

ings for each value of [,
Pitch Case
The characteristic determinant for the pitch motion is found from

(7.12) to be

2

2, _ 2 2 2y 2 _
Ap(P ) = (P + 3g21)(P + wp) ry (P 3) (7.30)

2 2
i = 0, t 3 = 3 = W R
with np 0, Let us assume that €51 wp or that €51 o + Je
Here € = Ip/c << 1 and J <1, We can now factor the biquadratic

(7.30) and approximately determine wl’ w, for small «¢.
i 2 2“
w. + 3 + J/2
2
wf =wp (1 +¢) o (3+ g)e - el/z(wz +3)1+ % P >
p w_ + 3
b p -
] w’ + 3+ J/2 2
w2 = w2 (1 +e)+ (3 + g)e + €1/2(w2 +3) |1+ &
2~ " 2 P 2 2
w_ + 3 N

The mode shape factors are, for this problem:

wz + 3

A = 1
21 2 2
w, = W
1 p

2
A B w2 + 3
22 W2 - 2
p
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The solutions to the equations of motion are, then,

JA& ej(w1¢+¢1) +-/\-ej(w21+w2)
1 2

Y‘ =
3
(7.31)
LG R A JwyT+y,)
O = Ay’ e * Ayal e
The ehergy coefficients are found to be
1 2 2 2
= (e+1
B4 2 (¢ p’ {%“% v b [wﬁ(lAzkl - 2850
(7.32)
. 2 2
* T+ Ay + wp|A2k| :l}
and the power coefficients are (for the "linear" case of (7.25)):
3 2
Po = My wpIAZkl (7,33)

for magnetic hysteresis damping, The time constant of the transient

decay is
H
T = 3k s = ;5 (7.34)
I A A
A p wp 2k' k

N wr /T
where /\'k +cpk/ﬂk)/\i< = 0 and '/\'k ='-/\-klo)e k.

As an example of a typical design, let:

2

u$ = 2,22
By = 075
Jd =0

€ = 0,11
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This gives, using (7,24~-28):

AT, = 0,73

1}

A = a3,14 H w

21 0,975

o

£
il

2,14

The forced response of this example is:

1]

Y3 =] .8e sin ¢

6 = 3,2e sin 7

Using the results for the damped motion we can estimate the time
constant of the transient decay, The largest time constant becomes
T2 = 33.3 (5,3 orbit periods) if X\ = 1/81n, The forced response may
be unacceptably large, since for e = 0,05 the excursions exceed eight
degrees, In all cases of passive gravity attitude control the ec=
centricity must be small; this is achieved by proper injection into

orbit,

5o Tumbling of the Vertistat in Pitch

In the design of a particular satellite system (e.g., the
Vertistat) it is desirablé to know the effectiveness of the passive
damper in attenuating the tumbling rates that might occur in the course
of operation, The methods of Chapter IV produce a differential equation
relating the average pitch tumbling acceleration, N', to the average
pitch tumbling rate, N, This equation can be solved for the rate, N,
as a function of time, In this section the Vertistat motions in tumbling
are studied and the results are related to those for the "resonant”
case of Chapter 1V,

The equations of motion of the Vertistat in the pitch plané with

@ << 1, Y arbitrary, are
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r g
Mot = —— [ (WP DO+ b O - 2 —2L gin 2y
1 - r P o] 2 1 - r3
3 (7.35)
2
b! w+ 3 T g
" + —P gty B g Sanoarre + S E ginooy
1 - r3 l - r3 2 2 1= r3

where d/dt( ) = ( )' and < = nt, These equations assume that the
pitch tumbling motion is stable and that rod motion is small (6 1.
The motion of the system can be approximated by the following,

=6+ cos 27 + B, sin 27

AW

AL + @, cos 27 + ﬁz sin 271 (7.36)

r=71+ a, cos 27 + B5 sin 27

where Q. , Bi are functions of \w as in Chapter IV. Using (7.36)

in (7.35) gives the following equations for determining the Qs Bi

and 6, w, ?.

]
oz=—§(1+ ®21 )(prN )l
1 2 1-1, 1-r3 A&
‘/
| €21 2 9 1
LT oE |t ket - 3k | &
l ~r
3
a, = 2N B,
By = -2N Q4
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r bt 3/2(1 + 1= 7 J
a. = 1 3°p 3 4N2 + 9
3~ 2N aK
1 - rg A
g
. 3/201 + T2 )\ |
- 3 9
By = 2 w2+ 3)( - N’ 2)
3 2 l~-r p 4K
4N 3 \ A 2 o
4N"p!
where 4+ | —P
l -r
3
9 9 5 4N2b'2
A= (K- R—-4N)(K-4N)+ 5
(1-r,))
3
w2+ 3
N = ‘w K: i
1 - r3

Now the barred variables are solutions to the equations (in steady

state 6 motion).

5= 3 e
= 3 ré
( (7.37)
N L
Nl_ - K 1 = + S
2K b A NA:}
where,
9 T3 €21 2
K== - 1+
4 1 - r3 1 -
T3
s1 |3 Tp €21 81/ K
L=- 32 1 - r,. 1+ l1 =17 l-r
3 3 3

are constants.

The solution to the second of (7.37) gives the secular decay of N
with time. The term L/NA is smaller of order 1/N2 than the first
term in the N' equation. Thus an estimate of the motion if given by

N'Z-2bK (7.38)
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where the error is of order l/N2 and this is small for N << 1, The
strict equality in equation (7,.38) yields the same resulté as equation
(4.17) and the results conform to Table 4.1 for the resonant case.
if the parameters K of the two problems are identified with one
another.* The results using (7.38) to estimate the response give, of
course, slower response than the results using (7,37), but they are
useful because of the existence of Table 4.1.

An example of the use of Table 4,1 can be given using the design

of Section C Part 4, The relevant parameters are: = 0.75,

g
21
= 0,1, w_ = 2,22, The result of Table 1 of Chapter IV for N0 = 4

[\M)

I3

and

I o

N_. J3 is that the optimum time to decay is (1 ) =19
final ¢ opt

or about three orbit periods. The time to decay using an arbitrary

value of the damping parameter, 1, is (see 4,21)

c _ 1 [ LI 3.6 + 21 ]
- . 3.
('rc)opt 2 |3.6 ) 67
For a value of 17 which is 5 percent of critical (n = 0.,15) the time

to decay is 473 (75 orbit periods).

D, THE BEAM SATELLITE

This satellite has not yet been discussed in the literature but is
a natural simplification of the TRAAC design using elastic hysteresis
damping., The system consists of a main body and an extensible "beam"
which is flexible and cantelevered to the main body (Fig. 7.2). The
beam must be flexible enough to allow fairly large excursions relative
to the main body and thus significant stresses in the beam material;
this is accomplished by adding a mass to the end of the beam. This
mass also "amplifies" the gravity stabilization effect. The beam is
coated with Cadmium or some other "dissipative" material to enhance

damping by the material.

b'
*w t identify AmD, 1= —B— , 2 =3+ W
e must also identify ~b, 1 = 1 - 7 ! o = D °

3
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This system will be feasible if the beam can be made to be limber.
The system is elegant and simple and, furthermore, provides damping to
first order in both the pitch and roll=-yaw motions., This obviates the
need for magnetic rods or other means of achieving roll~yaw damping,

Other systems similar to the beam system can be devised, One might
consider a series of short rods joined by some kind of viscoelastic
material which would provide damping and spring restoring forces.
This system would look quite like the beam dynamically but would have
advantages in deployment and in the fact that the rods could be made

more rigid,

1. Energy Expressions

Consider a rigid body with its center of mass at the origin
of unit vectors ?, 3, g as defined in Section B. A vector ng
defines the position of the particles along the length of the beam
with respect to the center of mass of the rigid body. This vector
is expressed in coordinates along the principal axis system of the
rigid body (?b, gb, l?\)b)° Since the beam is connected to the satellite
at a point a distance a along the ?b axis (Fig. 7.2), the vector
Eb can be expressed as

A A A
Bb = 1b(a + x) + 2b y + 3b z

The functions x, y, z are functions of the arc length, s, along

the beam in the deflected position, These quantities are, of course,
the rectangular coordinates of points along the deflected beam with
center of the coordinates at the point ?b a, It shall be assumed that
all the mass is concentrated in the end of the beam == the beam is
massless. This is a commonly made approximation for first bending mode
analysis of actual beams; the mass at the tip is increased to account
for the beam mass, If the reduced mass is given by , the kinetic
energy of the system can be written as follows (x = 0) using (2.!7)

and (2,8):
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. L

T=T_ + \'y + w z - wg y] (7.35)

+

° b b 2 b b 2
+w, (a+L) - + - (a + L)
[z 5 (a wy z] [wl y = wy(a ] }

where Yi, Yz, T3 are the Euler angles of the rigid body as defined

in Section B and where o

e
|

e
i

A

£
Il

A

. . *
3 = Tg + 18] siny, + 0 (3 - 3b)

b b .
W, Wy, Wy are given by (7.3)

A

° . - A
] = ¥p COSY, cosYy + T, sinvy + 1 (3 - 1b)

° . . A A
o = ~T,CO8T, siny, + ¥, cosY, + 1 (3 ¢ 2b)

where the direction cosines are given in (7,2).

These equations use x, y, z to represent
length, s, evaluated at the end point of
similar manner the potential energy of the
be derived using (2.8.)., If we define the

(2.19)), we get the following:

y2 + z2 «(a + L)y
1;82 ~-(a + ldy 22 + (a + L)2
=(a + L)z -yz
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those functions of arc
the beam, s =L, In a
system due to gravity can

proper tensor according to

=(a + L)z

2
yz + (a + L)




<
1l

<
]

V

g rB *

llf;ﬁ{

Y
|r®|®

1 b
z tr b
-~ [y2 + 22

3 2c b Aa
R }

+ (a + L)2]

+ g [(i-ib)z(yz + z2) + (i-ﬁb)z((a + L)z

z")

+ (1-3b)2(y2 + (a + L)z)

2(iJ§b)(i-§b)yzl}

(7.36)

21:10)A20) (MG + L) - 2 (1-16)A+3b)(z)(a + L)

The potential energy of elastic deflection of the beam is given by

using the Lagrangian density

El

S: - - == [(y")

2

2

+ (Z")

2

] - 3 P2

+ (z')z]

and the following equations of motion for the beam and the end condi-

tion

y(L, t)

and z(L,t).

(5)-
(55)-

(
(

a(T—vg)
3y
A(T-V )
g
d =z

(5
(5%

O/lO/
1]

O/lO/
n

I
o

)
)

1
o

(see Appendix C.)

all

S

> 3(1-V) {8s<a">

)-

a(T-vg)
oz

)
+-{ 8;
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2
where P = 3un (a+L). The third and fourth of (7.37) are boundary
conditions at the end (s = L) of the beam, The other boundary conditions

are given by

The equations of beam bending are from (7.37)

EIy""(S) - Py"(s)

1}
[e]

all s (7.38)

]
o

ELz""(s) - Pz''(s)

The equations of motion for the beam satellite are formed by using the
ordinary Lagrange equations for Yl’ Yz, Y3. The equations are com-
pleted by using the solutions to the bending equations (7.38) in the

end conditions given in the third and fourth equations of (7.37). These
five equations of motion of the beam satellite are used in what follows

to analyze the dynamics of the vehicle.

2. Linear Model of the Beam Satellite

It is desirable to investigate the small librations of the beam
satellite about the equilibrium solution Yl = Y2 = T3 =y =12z = 0.
This can be done by writing the expressions for T and V out to

. . . . . . 1" "
second order in the coordinates and velocities, Defining “angle

variables Wy = - y(L,t)/(a+L) and wz = z(L,t)/(a+L), the following
equations of motion are obtained using Lagrange's equations:
— - 1 [ -
p? + 3¢ K, (p+ 3) ¥ Q /(1'+ 1_)n2
21 3 3 Y3 3
+ 2e sin T
- (7.39)
2 2 2 2
+ 3 + 8 Q /u(a+L)h
(p ) p+ iy vy G
— L - L.+2e sin = —




— — - . —_
2 2
p + k32 -hlp 0 L8 er/lln
2 31 2 2 = YZ 2
2
0 —(p2+ 4) p2+ 1 + 92 1 Q /u(a+L)2n'
B z Z
e —_ I - —— —

These equations represent the pitch (7,39) and roll-yaw (7.40) motions.

The Hamiltonian may be derived in the usual way to be

_ 1 ry o2 vel2 2 -2
H = 2{(13+ I )Y3 + I (qu + v, ) + Ilrl

PN ]
- t t
21 \yzyz +(I'+ Iz)rz}
+ L 3g,. (I'+ I )72 + 6I' ¥ v (7.41)
2 21 3’'3 y'3
2 ., .2 2., .2 2
+ QB 1 Wy + (1 + QB)I Wz + k32 Ilvl

2
] - []
+ 4g32(1+12)Y2 81 q;zrz}
The normalized variables are:

¢ = nt = Normalized Time

p = s/n
3 ai}i) oL (1 + e 2oLy
a2 - L
B (L - 1) + (oL + 1)e 2L
2
P = 3un (a+L)
a2 = P/EI
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= —_ L
' —
g, = 2l 1 K, =I'/(I' + 1)
21 I' + 13 2 2
I, -1
= _i___ii - J '
Koy = T K, =1 /(1" + 13)
1
I. +1 -1
1 2 3
= L =
y (a + )Wy hy i
I +1I_ -1
1 2 3
= L =
z @+ Ly, by I + 1'
2
The physical variables are:
_ mM
H M+n
N
I, I_, I_ = moments of inertia of main body about 1b,
1 2 3 A §
2b, 3b axes.
EI = beam structural rigidity
I' = y(a+l)?
L = 1length of the beam
a = distance of beam mounting from C.M. of main body
e = orbit eccentricity
Q. = torques and forces acting on the system (generalized
J forces)

The stability inequalities for H > 0 (Theorem IV, Chapter III) are:

3K3 4K2
g > — >0 H g > — >0
21 Qg 31
1+QB
(7.42)
k.. > 0

32
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These requirements for stability are, as in the Vertistat satellite,

weaker than those of the rigid body; they grow weaker monotonically as
2

QB increases (beam stiffens), Note that for zero elasticity, OB =

3(1+a/L) .

3. Forced Motions

The pitch plane motions are forced sinusoidally by the accelera-
tions of the reference system caused by orbit eccentricity, For small
damping and small eccentricity the linear model of (7.39) gives approxi=

mately:

%
1
=

= 1 K
3g21 2

= =2ej (7.43)

2
S-\ -
2 LB 1

>3

L L]
<

Here we assumed Yg = fI;eJ 9 wy = Eﬂ&eJT. The inversion of (7.43)

gives the forced response,

2
Qu an
2e| = 1 2K3]

3 2
- Q%) =
{53g21 1)( g1’ 4K3}'

sin %

Y

(7.44)

Ge(g21 = 1)
Vo= sin %
Y [ (30 ~1)(02

7(g21 1 Bal) = 4K

L 3)

For vibration absorption in Tgs Qg = 1+2K3. This requires

1< ﬁ; < 3. We can get a minimum Qg = 3(1+a/L) > 3, so vibration

absorption of the eccentricity disturbance is not possible in the beam

satellite but, of course, can be approached quite closely,
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1t should be emphasized that the foregoing has considered only dis-
turbance due to eccentricity of the orbit, and therefore, the vibration
absorption results are for this case., One must in practical cases
include other periodic disturbances; it may be possible to do some

filtering of these by adjusting parameters.

4, Damping of the Motions

It is desirable to apply the methods of Chapter VI to the pitch
motions of the beam system with hysteresis damping in the beam. The
damping is not expected to be heavy and therefore asymptotic methods
are useful,

Consider the pitch equations (4.39) with zero forcing and no damp=-

ing. The solution to (7.39) is given by

3w, Tty ) jlw, T+¥,)
Yy JALle A A j\ée 272

(7.45)

Jlw, Ty ) Jlw,t+y,)
_ 17 ¥ /\ 2" V2
¥ o= AZI./\le + Ay, L e

where the 'mode shapes" are written

2
N 3851 " Yy
21 2
K3(3 wl)

2 _ 2

“8o1 T Y2

A2 = 2
K3(3 - wz)

It is understood that we take the real part of (7.45) to find the solu-

tion. The energy can be written

I'+1
3 2 .t 2
H = — [73 + 2K3¢y73 + szy]
(7.46)
I'+ 1
3 2 2 2
9 Q
* T3 [3g, 75 + €Kg¥ Ty + Kglipyy]
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At this point an assumption must be made as to the behavior of
the beam under elastic hysteresis damping. In the absence of any good
evidence about the behavior of materials excited by almost periodic
functions, it will be assumed that each frequency component traverses
a hysteresis loop with the same phase lag, @, as every other. The

average power in the present example, computed on this basis, is then

21 4w 2 2
s_ _B k 2 A\N2 _ _ 2
P = 5 -EJ |a, | Jﬁ\k = E Pk./\k (7.47)
k=1 k=1

The coefficients Hk in the energy expression can be written

I'+1

- 3 2 2
H = 5— [1+ K3|A2k| + 2K A, ] o
I41 , , (7.48)
Q
v o [Beyt a3l A |7 + K5, ]

The differential equation of energy balance is
H N -
RVAVIES AN

and its solution is

JA\k(T) =-/\k(o)e-T/Tk

where

It remains to factor the characteristic determinant and find u&;

then the A2k must be computed along with the Tk' The characteristic

determinant is
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D(p) = (p + Qg)(pz + 3g,) - x3<p2 + 3)2 (7.49)

It is interesting to consider the special case k21 = 0, a neutrally

stable body. The analysis is restricted to the case of a long boom
(relative to body dimensions), A long boom is needed for static sta-
bilization and because length in the boom decreases QB to levels
where the system is able to damp sufficiently. (Note that Qg varies

3
in proportion to 1/L".) Since K, = 1/(1+13/I'} , if I3/1'" = € <<1,

3

then K3 = 1 - € approximately. Using this fact one can approximately

factor (7.49) obtaining as natural frequencies

wz =3 - 3¢ - 9e2/(,92 -3
1 B
2
2 Qg - 3
w =

2 €

This gives, using (7.48), the values for A and T,_.

2k
3¢
A =
21 2
g - 3
1
A p—
22 [,
©3- 3)2 702 - 3)
1 b 2 B
gT. = + 9 + QF + ——
1 2 2 B
3Q € €
B
) 4(Q§~ 3)
'\/_e_‘ [QB+ 3 + ———e———— ]
gT = ¥

2 2_\/ 2
QB QB 3

2
Figure 7.6 shows a plot of ¢T1 vs. € for various QB. It can be

seen that the beam must be flexible and still not too long. In the

cas T T. .
e shown 2 < < 1
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Consider the following example., Let 13 = 120 slug ftz,
I' = 1200 slug ftz, =1 slug, L = 34,5 1t, ﬁé = 3.5, with a
berrylium~-copper beam (E = 18 x 102 psi), be the parameters of the
system in pitch, Using a hollow cylindrical shell for a beam gives
a stiffness for the beam of EI = ﬂE&Rg.* A typical realizable thick-
ness, o, for the cylinder wall is 0,002 inches and, along with the
radius of the cylinder Ro’ defines the system completely. From the
body parameters we see that for this design ﬁTl = 6.9, Using the
formula for Qg, given under "nomenclature," we can calculate the
radius of the cylindrical beam as R0 = 0,076 in, This means that
with a reasonable size tubular beam we may realize a time response
gT. = 6.9 and with the cadmium coating available for TRAAC we might

weil assume that @ = 1/8x, This gives Tl = 173 (or 27.6 orbit
periods). Thus with ''reasonable' dimensions for the beam this body
was damped in pitch in the order of the time needed to damp TRAAC
(Section E, Part 5). This compares with an approximate result of 5.3

orbit periods for vertistat pitch motions,

*The stiffness of the beam (EI) assumes a hollow, closed cylindri-
cal shell., If the beam is constructed by rolling up a prestressed
sheet of metal (as in the STEM unit used in connection with the TRAAC
satellite) then the stiffness will be decreased by a factor depending
upon the details of construction, It is hard to imagine that the fac-
tor EI would be decreased more than a factor of ten; in this case the
cylinder's radius would increase by a factor of 3f10 = 2,15, Thus it
can be seen that the radius of the cylinder is relatively insensitive
to the value of EI for a given beam frequency, ﬁ%.
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E., THE TRAAC SATELLITE

This satellite design, due to Fischell, et al. (FISCHELL 1,
FISCHELL 2), has been orbited twice; the second time it was evidently
successful, This is the only design of a purely passive system that
has been orbited by the West. The satellite consists of a main body
with a 100~foot=long extensible hoom (Fig, 7.3) at the end of which is
attached a 20-foot-length of very limber helical spring (7.6 inches in
diameter). The spring carries an end mass weighing 3,85 pounds. The
spring is beryllium~-copper wire (0.008 inches diameter) coated with
Cadmium (0.0002 thick) to obtain good damping characteristics due to
stresses in the Cadmium, By a torsion pendulum experiment on the
spring wire in the laboratory it was determined that for oscillations
of 55 minute periods approximately half of the maximum energy stored
in the spring was dissipated per cycle of oscillation, Thus in the
TRAAC satellite the spring's elastic dissipation provides the damping
and the long boom-spring-mass system provides the position restoring
force,

The spring, however, only provides damping (to first order) in the
orbit plane (pitch). For the roll~yaw motions the system uses ferro-
magnetic rods which interact with the earth's magnetic field and produce
damping torques bg means of magnetic hysteresis. The combination of
spring damping and magnetic hysteresis rods succeeded in damping the
peak pitch oscillations from 44 degrees to 6 degrees off of equilibrium
in about 8 days or 115 orbital revolutions (100 minute orbit periods).

This transient response is rather slow. One would like a decay
of the order of a day so that large disturbances (e.g.,, meteoroids)
would not disrupt operation of the system for many days. This is

particularly important for communication satellites.

1. Energy Expressions

The TRAAC satellite system (Figs. 7.3 and 7.7) consists of two
rigid bodies (labeled "a" and "b") connected together by a very limber,

helical spring. The model to be considered assumes no torsion in the
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F1G, 7.7. TWO CONNECTED BODIES
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spring; after deriving more general equations for the energies we will
assume that one of the rigid bodies consists of a point mass (no rotary
inertia). This model will portray the salient features of the system

and still lead to a manageable analytical problem,

a b
The inertia dyadics and masses of bodies "a” and "pb" are I s I

and ma, m respectivelys The Euler angles of the body axes with

b’
a a
respect to the rotating axes of the reference frame are Yi, 72, Yq

and 7?, TZ, Ygo The distance between the body centers of mass is

7, 1t

called x and the unit vector from the CeM, of b to the CzM, of
A A
"a" is 1x, The direction of 1x with respect to the reference axes

ACAA
(1, 2, 3) is given in Fig, 7.8 by Euler angles @, 0.

W

N A
The reference coordinate system to be used is a system 1, 2,
A

A Ac
whose 1 axis unit vector points along the radius vector (1 = R7),
A
whose 3 points along the orbit angular momentum vector and whose

g is such that 3 = § X Q. This coordinate system is centered at the
center of mass of the entire system of particles,

The body systems for "a" and "b" are described by Euler angles
Yl’ Y2, YS (Figo, 7.4) w?ich are the ingles ofAsuccessive rotationi
about the 1, the new 2, and the 3a and 3b axes where the 1la,
%a, ga, ib, %b, gb, are body unit vectors (aligned with the principal
axes of the bodies) and are centered in bodies '"a" and "b",
respectively,

The Euler angles 6, 6 are shown in Fig, 7,8, These angles des~
cribe the direction of gx with reference to i, g, g,

The expressions given in (2.7 ) and (2,8) are, for this problem,

1 = .2 a b -
T= Su()" + Tpo + Top (7.50)
(7.51)
]
_ A b k .1 3 Ac c
Vo= Vpg + Vpp + —L—IRCIB ztﬂR + zRaTRoﬁ]
b a

a b
RB’TRB’VRB’VRB

involve "rigid body terms." The reduced mass | and the quantities

R 2 eew
R, s X are given by

where T are in (Chapter VI§,Sec, B, Part 1) and




A
FI1G, 7.8. EULER ANGLES OF 1x
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<2 %2 4 xz[é2 + (6 + ﬁ)z coszﬁ]

A A
x2[2x 2x + 3x gx]

=

A A A A A
R® = 1 = 1x cosbcosd - 2x sind - 3x cosBsind
b= 2™
- +
ma mb

Here we have used 1 to indicate the true anomaly of the orbit. Using
the above in (7.50) and (7.51) gives for the kinetic energy and the

potential energy due to gravity:

_ b 2 2 . . . 2 2

T = Tpp + Tpp + z{x + x° [ + (0 + )7 cos (ZI]} (7.52)
a b pxz k : 2 2

Vg= VRB + VRB + - !—ﬁg {l - 3cos @ cos 9} (7.53)

The potential energy of the spring (linear) is given by the ex-
pression
2

- 1 -
v, = 2oz(lgl z) (7.54)

where (@ is the spring constant and l£| and zs are the lengths of
the spring in the stretched and unstretched positions, respectively.
The distances from the body centers of mass to the points of connection
of the spring are given by ba and bb for bodies "a" and "b",
respectively., The vector expressions are as follows, from geometry

(Fig. 7.6).
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=
it
B
+
|o
)
o)

A
X = 1x x
A
b? = -la b°
IA
B° = 1b b

Using these relations one finds that

2

A A
l2] = x* + G»H2 + G2 + 20%°Aa-1b)

A A N
- 2x(b? 1x°1a + b° 1x.10)

where the direction cosines are given by

cos@ cosb cosY; éosvg

siné cosﬂ(cosri sinfg + sinri sinT; cosyg)

o

sinﬂ(sinri sinrg =~ cosy. siny
cos¥ cosf cosrg cosTg

sin6 cosﬁ(cosY? sinrg + siny? sinrz cosYg)
sinﬂ(siny? sian - cosY? sian cosYg)

a b a b
cosY2 cost cosY3 cosY3

(7.55)

(7.56)

a . .a .. .8 .. .a a b . b, .. . b. Db b
(cosyi 51n73 + siny; siny, cosTB)(cosrl 51n73+51nylslnrzcosrs)

..a . . a a . . .a a I I - I b_. b b
(51nYi sinyg cosy, sin, cosYB)(51nY sinyg eos7151nT2cosY3)

1
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Using (7.54)-(7.56) in (7.52) and (7.53) we get the complete energy

expressions except for the rigid body terms,

2, Linear Model of TRAAC

The equations of motion are derived by energy considerations
and turn out to be (in the linear approximation to first order in

eccentricity) with body "b" considered as a particle (Hb = 0),

N — _7 — _
2 2
+ 3K - i
p+ 3k21 3 3T 3rK3 0 L QY3/I3n
! + 2esinnt
=3r P2+ 3(1+r) 2p 6 = Qe/I'n2 (7.57)
§ + 2esinq
Y -2p p2+Q2—3 £ Q /12
! o : £ '
i i |+ 10ecosr|
—d e — h— .__Jv
T — = o . —_
P+ K3y 'hlp 0 HIRE | QYl/Iln
h.p p2+ 4k, + 3K_r +3f K T = | Q /1 n? TL7.58)
2 31 2 2 i 2 Yz 2 . ’
) A B
0 4 3r p +4+3r I g ? Qﬁ/l'n
I N U A —

where the normalized parameters are

X
e ox b-"b = %~ QZ - "?; =3 X 0— X
o o pn o s
p=s/ X = xo(l + £)
I, +1I_=1
% = nt = normalized time h = 1 2 3
1 I
1
I +1I_~1
Il__.xz h = 1 2 3
W o 2 1
2




= — ?
p m +m Kl—I/Il
b
I -
K = 2 I1
21 I K =17
3 g = 1'/1,
I, -1
— 3 1 —_ 1
kg, = - K3_1/13
2
K I3 -
32 ~ I
1

The physical parameters are:

Qj = torques and forces acting on the system

s = Laplace transform variable (angular frequency)

b = boom length

n = mean angular rate of the satellite in orbit

e = orbit eccentricity

X, = equilibrium distance between the C,M., of main body and m
m = mass of body 'b"

Ilv12913 = moments of inertia of body about ?a, ﬁa, §a

a = spring constant of helical spring

xS = static spring deflection
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Notice that the TRAAC linearized equations imply a decoupling of the
orbit plane motions, (7,57), from the out-of~plane motions, (7,58),
(pitch and roll-yaw are analogously decoupled in the case of a single
rigid body).

The Hamiltonian for the system of linearized equations can be

derived by referring to (3..8) where it is shown that

H = T2 + V =~ To

This relation applied to the TRAAC system gives

1o 2 *2 2 (22 e2  °2
H = 2‘{;1yl + 12Y2 + 175 + 1 "+ +6 %}
+ L 31, (k,.+ rK )Yz - 3(rK I, + r IYM)Y. 0
2 3721 3°'3 33 3
+ 30°Q+D6° + (Qé - 3)1'g2} (7.59)
1 2 12
3 {£32 Ly, + (4k31 + 3K2r)1 T,
2
1] L]
+ 3(rK212 + rl )ﬂrz + (4 + 3r)I'g }

By the theorem given in Chapter III (Theorem 1V) we know that H must
be positive definite while : is negative semi=definite (Theorem V)
for the system to be asymptotically stable, The power, P = ﬁ, is
negative semi~definite since energy always leaves the system due to
elastic hysteresis action, This requires that U = V = To be positive
definite in the angles and in ¢, The stability inequalities are,

therefore,
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% >3
[0
rK
kK > - 3 <o
21
l=r
Kgy > O
K
> o 2 T2
31 16 1+ 3/4r

(7.60)

For the stability of a single rigid body with damping k21, k31, k32

must all be positive., It is seen that (7.,60) relax these require-

ments for Kk and k... This is reasonable since the system with

31 21

N A
m # O has greater inertia about the 2a and 3a axes. The require-

ment Q; > 3 means that the spring must be stiff enough to overcome

the gravity and centrifugal separation forces,

3. Forced Motions

Consider the TRAAC system in the orbit plane (equation (7.57))

with e<<1l, Qp = Qe = Qg =0, i.,e.,, the damping is very small.
3

Using the usual techniques of steady-state sinuseidal analysis, let

cosT = Re[eJT],sinT = - Re[jeJT] and employ exponentials to analyze

equation (7,57), The result is

3k, + 3rKy-1 ~3rK, 0 ff;
-3r 2 4 3r 2j e
2 J—

0 -2 Q2 -4 -
J Q -

where 71, = 'I;eJT, 6= 069, and ¢ = - eIt

algebraic equations can be inverted to find Ta»
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-3 e (7.61)

These simultaneous
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of time, Let us consider this accomplished and require that YS = 0,
Thus we choose the parameters which give YB = 0 according to the

condition that

-Jj ~3K3r 0
det -j 3r + 2 2j = 0 (7.62)
5 -2 02 ~ 4
a

This gives a condition on r:

2(6 ~ 22)
r = e (7.63)
5 1OK3
3(K3+ 1) Qa— 4+ Tk
3
The response of the system for the condition (7,63) is
Ty =0
6= - 22 sin 7 (7.64)
3rK
3
2e(1 + 6K3)
£ = ———%5 _ cos =T
Q -
K. ( o 6)
Notice that the vibration absorption condition (7,63) does not
depend on the body's shape but only on r, KS' Qé’ This can be
seen by realizing that with Yé = 0 the parameter k21 has no effect

in (7.61). One would expect that as K3 gets large (body gets small
in dimension compared to the length of the satellite (xo)) the motions
would appreach a flexible dumbell's motion; this is indeed the case as

can be verified using (7.64) and (7,57) (letting Ky + o in (7.57)).
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Notice that unless Qé > 3 the system is unstable. Equation (7.64)
indicates that for Qg > 4 the motions may get rather large if e,
the eccentricity, is not very small. The motion of 6, £ in the
orbit axes makes an elliptical figure assuming 6 = sin 6,

As an example of a system with vibration absorption consider the

following parameters:

I1 = 22 slug ft2
I = I, =720 slu ftz

2 - 37 €
m = 0.12 slugs
x = 120 ft

o

' 2
I = 1730 slug ft
k21 = 0,973

- t -

K, = 1 /I3 2.4
92 = 4

07

Using (7.63), the vibration absorption condition, gives r = 0,055,
and the boom length, b = 6,7 ft. This system has a property typical
of systems following (7.63); it has a very short boom compared to the
total length of the system (r << 1), If the eccentricity is less than
0.05, the excursions will be less than 39 ft., The design based upon
the vibration absorption condition has the property of very poor
transient response because the coupling between the Y3 motion and

the 6, ¢ motions is small of the order of r2,
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4. Effect of Damping on TRAAC

Of the utmost interest in passive attitude control is the time

it takes an oscillation to go from a given initial condition to an

acceptable operating level, If the law of damping were a linear func-

tion of the attitude rates, there would be no problem that could not
be solved by the well~known transient methods. However, in practice
the damping law usually does not even approximate this type behavior;

new methods are required to analyze the damping process. One such

method has béen described in Chapter VI and will be used in the follow~-

ing analysis.

Once we have established a method of calculating the damping re=-
sponse, we must ask if, on hueristic grounds, there will be enough
damping force to warrant consideration using quantitative methods,
In the TRAAC system it can be shown that, neglecting torsion of the
spring, there is only very slow convergence in motions out of the
orbit plane (see Section E, Part 5). In practice ferromagnetic rods
were used (FISCHELL 1, FISCHELL 2) to damp motion out of the orbit
plane,

As an example of the calculation of the damping response and of
the expected numerical results, we consider the TRAAC orbit plane
motions, We can solve equations (7,57) for arbitrary initial condi-
tions and obtain the result that

', /\1ej(wlT+W1) +_/\2ej(w21+y2) +-/\3ej(w3T+¢3)

J(w T+ (w T+ (w T+
e=A/\ 1+A-/\-J ‘lrzﬁuAj\J ¥y

23 3°
JCw, Y. ) J(w T+Hy,) J(w T+Y,)
fooag NS A I, A I
31 1 33 3¢
where the W, ~are the natural frequencies of (7.57), the Aik are the

"mode shapes,"” and the JA&k’ ¥

The Aik are found to be
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(7.65)



- 2
3k21 + 3K3r wk

Aok = (7.66)
3rK3

‘ 2
2ju, 3k, + 3Kr = o)

3k 2 2
(Qa - 3 - wk)(Sr K3)

— U —

The average energy (or Hamiltonian) in an undamped oscillation can be

calculated from (7.59) as

3
= 1 A2
k=1 -
_ 1 2 2 2 2
B o= 3 {wkIS I (A |7+ (A )} (7.67)
1 _ , 2 _ . 2
* 3 {313(1{21 + 1K) - 6rI'A, + (O - 3)I |A3k|

2
+ 31'(1 + r)iAzkl }

The method of calculating the damping response consists of requiring

that the amplitudes Jﬁ\ vary with time in such a manner that the

k
rate of change of energy equals the power lost in damping. In equa-

tion form this is

3 [
H=H=P= y ;ik/\k/\k (7.68)
k=1
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By the same assumption used in the elastic hysteresis analysis of
the beam satellite (see 7.47) we can write the expression for the
average power loss in damping of the TRAAC as:

2
Q- 1t
o g

P== 5

2 A2 2 A2
[o [4g, '/\1 + wy|Ag,| '/\2

(7.69)

2 A2,
+ wg|Ag] “/\3]

Let us now combine (7,68) and (7.69) and equate the coefficients
of JALk to get differential equations of the envelope response. These
are (k=1,2,3)

2N -0 (7.70)

This equation, because of the quadratic nature of P, is linear in

theJA\k

A 1/
k(T) =_/\_ (0)e T/ k
k
where the ''time constant," Tk’ is given by
2H
T = k (7.71)

2 2
Q7 1Y A
OV Lo
The line of reasoning employed here is given in Chapter VI in greater
detail and with more explanation,
As a numerical example of significance the numbers used in the
example on vibration absorption will be used with a different boom

length parameter. These numbers were chosen to approximate those

given for the TRAAC satellite in (FISCHELL 2), The parameters are
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b = 100 ft

boom length

20 = 20 ft = equilibrium spring length
ﬂs = 0,125 ft = static spring length
m = 0,12 slugs = mass at the end of the spring
2 . .
Il = 22 slug ft = yaw moment of inertia
12 = 13 = 720 slug ft2 = roll and pitch
moments of inertia
r = 5
. 2
I = 1730 slug ft
k21 = 0,973
o2 = 1s
[0
K3 = 2,4

Upon factoring the characteristic equation of (7,57) to find we

k
get, using (7.66) and (7.71), Table 3.

TABLE 3
MODE W Tkﬂ
1 1,55 4,3
2 4,23 0,52
3 7.45 11,0
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The mode shape factors are:

11 12 ~ 713

A, =1.0
A, =0.25
A, = 0.58
Ay, = -1.64 j
A, = =0.46
Agy = 0.17 j

The response to orbit eccentricity forces is given for this example by

Yé = 1,7e sin ¢
6 = 1.7e sin 1
E = 4,65e cos T

The tests that Fischell, et al. ran on the spring material in-
dicated that half the stored energy in an oscillation was dissipated
in one cycle of oscillation, This implies for a simple oscillator a
phase lag # = 1/8n., From the table above the longest time constant is,
for @ = 1/8xn, T3 = 11 x 8n. This is equivalent to a time constant
of 44 orbit periods. This response seems a bit slow and is characteristic
of systems using elastic hysteresis damping. The response can probably
be optimized by trying various parameter combinations and comparing
responses but the upper limit of performance would probably be a time

constant of about 10 orbits. Any further improvement in performance

would have to come from an improvement in material damping properties,
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5. Ineffectiveness of Roll~Yaw Damping

The question of whether the elastic hysteresis effect, which
damps pitch oscillations, will also damp roll=yaw oscillations is
important, As it turns out the damping of roll-yaw oscillations by
the spring is of third order in the angles and thus has little effect
for small angle motions. One expects the large oscillations to damp
out to a certain level and then persist without appreciable attenuation
for a long period of time.

Consider viscous damping (to simplify the analysis) which exerts a
force -~ D d/dt|£| along the spring. This force would do work oW =
- D(d/dt}2]|)(5[£]). This distance

&I is expressed in terms of the

generalized coordinates as

12]% = x% + b2 - 2bx cosp (7.72)
where
A A
cosf = la+-lx = cos@ cos cosY2 cosY3
+ sin$® cosd (cosYi siny, + siny, sinr, cosYS)
+ sing (sinY1 siny, - cosy; siny, cosY;)
Keeping terms up to second order in cosf and letting IBI =4 + 2

o
where zo is the equilibrium spring length we get

cosp =1 - % 62
%= @+ 1%+ 0+ 1?
2
- o) 2 1 2
bo=xf * g B grRp
(o]
r = b/f
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If it is assumed that the pitch angles and £ have decayed to
zero, the power loss function for viscous damping becomes for small

angles

2 2 2,¢ » 2
P=- x T D(Z + 72) @ + Yz) (7.73)

where the above geometrical relations have been used to calculate J.

If it is further assumed that the motion of the angle Y the yaw

’
angle, is arbitrary and relatively uncoupled from the motion of #

and 72, the motion of the roll angles can be considered separately.,
The yaw angle will decay slowly or perhaps there will be a constant
yaw rate that persists for a long time but this eventuality, similar
to the phenomena of Chapter VJ,will not seriously alter the deductions
from the results to be given.. Consider the response in (7.58) with

Yl = 0 to be of the form

J (wlﬂqfl)
Y2 1 1 4”\1e
= N 3o 5h) (7.74)
4 Ao1 Aol 2®
L — I — —_

Using (7.73) and (7.,74) we compute the envelope response and the average

power,
A D 2| W = 2 _ _
A+ i ijj\j A <o (k = 1,2) (7.75)
j=1,2
P=~ Z ij /\?./\.i (7.76)

Jek=1,2

2_
where G. = H (D/u)r°G and the constants G, and A, are given
Jk H (P/u jk Jk Jk &

by
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2 4
v (w2+ wz) azﬁ 2
E L
1 E2
— I \
G = & (7.77)
2 2, 2.2 2 .4
(“ﬁ+ wz)a B wz B
E1 E2
a=1+A
A, = —3 21 (7.78)
2k
4 + 3r - w =1+ A
P = 22

The natural frequencies wk are given after factoring the characteristic

determinant,

(7.79)

A= (p2 + 4 + 31‘)(p2 + 4k,__ + 3K2r) - 9'r2K2

31

The energy coefficients can be computed based on the energy expression

of (7.59). They are

0)2 1
k| {
H o= — }12 + I'|A2k|}
1]
—_ - ]
5 L12(4k31 + 3rK,) + 6r I' A, (7.80)

.
+ 174 + 3r)|A2k| _}

Based upon the above relations and the parameters (which approximate
those given in FISCHELL 2) the mode shapes and the natural frequencies
can be computed by factoring (7.79) and using (7.78),.
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= 4, A, =~0,
w, 4,1 o1 997
2
w, = 54.9 A22 = 0.42
where,
k31 = 0.96 H KZ = 2,4 : r=2>5

The parameter «Q given in (7.,78) is therefore 0,003, This small value
means that the envelope function ./\1 will decay very slowly compared
to the decay of aﬁkz. But the response of -/\2 is slow because of

the non-linearity and, therefore, the TRAAC system has sensibly no
damping in yaw=roll for small angles, By decreasing the parameter r
(ratio of length of boom to length of spring) we may increase the
parameter « while decreasing the power dissipated in yaw=roll, but
the situation also depends upon the parameters K2 and k31 in a

very interesting manner, Le® us write the characteristic equation

(7.79) with a root locus ©f r in the p=plane in mind,

D= %+ 0%+ 4 k) +3rQ + K@ + W) =0 (7.83)

where wi = 4(K2+k31/1+K2). The roo; locus with r as a parameter
appears in Fig. 7.9 and a plot of wR VS, K2 appears in Fig, 7,10,
It can be seen from the expression for A21 (which we want to be as
far away from =1 as we can make it) that if the zero at wi is near
the point p2 = 4 then the denominator of A21 will be close to 3r
and, therefore, A21 will be near to =1, It is clear that in order
to produce good damping we must have k31 as far away from one as

possible and we must not let K be too large, Under these circumstances

2
2
wR will be about three and decreasing r will have a strong effect of

producing a value of A sufficiently far from minus one to provide

21

some damping for the first mode envelope, JALl.
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FIG, 7.9. ROOT LOCUS OF ROLL MOTIONS IN THE p-PLANE VS,

k3

FIG, 7.10, PLOT OF w§ VS, KZ (QUALITATIVE ONLY)
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In order to illustrate the above statements let us take a system

. 1
with k31 =30 K2 =1, r =1, For this system the nalural fre-
quencies are wi = 2,82, uﬁ = 9,18 and the value of « is 0.28,

This is a much better design for yaw-roll damping but it has two
serious drawbacks, First, the choice of r = 1 does not provide good
coupling for the pitch oscillations and the performance of pitch will
= L is impractical

k31 2
because for the type of vehicles we are considering the boom inertia

suffer measurably. Second, the body shape

is included with the body and therefore we will always have bodies
with 12 % 13 and with Il<< 12. The influence of k31 on the
dynamics of the roll motions indicates that the mode of motion near
the natural frequency two is essentially a ''dumbell” mode which will
always be important for long, thin satellites of the type we are dis-
cussing.

The above non-linear analysis indicates that practically no damp-
ing due to elastic hysteresis will occur in the roll motions of the
TRAAC system or other systems built on the same pattern. In the TRAAC
system there was an additional mechanism provided for damping the yaw-
roll oscillations, This mechanism was the use of the magnetic hysteresis
effect caused by the interaction of the earth's magnetic field with
ferromagnetic ''damping rods." This magnetic damping system damped
the roll-yaw oscillations in about the order of the time for damping

pitch oscillations,

F., CONCLUSIONS

After consideration of the three examples of connected vehicles,
some general conclusions as to their comparative dynamical properties
are in order., It can be demonstrated that each of the three vehicles
is practical for some realistic mission requirements; it seems that
they possess individual properties that may be exploited to advantage
in particular cases. The advantages and disadvantages of the three

examples will be discussed in the succeeding paragraphs.
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The TRAAC and Beam systems, which rely upon hysteresis damping of
elastic vibrations, tend to damp out natural librations more slowly
than the Vertistat system which uses magnetic hysteresis damping.

This is largely because the magnetic damping forces can be made
effectively larger than those of the elastic material.

The Vertistat has the outstanding feature that it provides con-
siderable yaw stabilization due to its horizontal rod structure, This
problem of yaw damping arises in the vehicle designs with long, pencil-
like shapes because the roll and pitch moments of inertia are nearly
the same (Izﬁv 13), effectively. The TRAAC design has the drawback
that the spring damper is effective only in pitch; the yaw=-roll motions
must be damped by using other means. The Beam design, however, will
damp oscillations in both pitch and roll«yaw.

It is clear that the Vertistat design is the most effective of
the systems considered for high performance (damping in the order of
ten orbit periods); however, the Beam system looks promising as a
simple damping system for medium performance (damping of the order of
fifty orbit periods). The TRAAC system is the only proven passive
attitude control system; the other systems must be viewed as "second
generation" systems.,

In the damping of the motions by any scheme the most important
design feature, for a given damping device, is the coupling of motion
through proper geometrical and mechanical parameter choice. It is
important to choose structural members which are short enough to prop-
erly couple model motions, and long enough to provide stiffness against
disturbances.

Disturbances due to the orbit eccentricity were found to be of the
order of the eccentricity parameter for the design examples given, In
all cases the roots of the characteristic equations of both pitch and
yaw=roll motions must not be near the orbit frequency. This is true
not only because of eccentricity disturbances but, also because many
disturbances occur at orbit frequency and its harmonics, e.g., solar

radiation effects, magnetic disturbances, aerodynamic torques, etc.
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The vibration absorption designs, which are possible in Vertistat
and TRAAC satellites when they are excited in pitch by orbit motions,
do not seem practical since they imply configurations that have inher=-
ently poor coupling between the modes; this leads to poor damping
characteristics in these cases, The vibration absorption idea does,
however, indicate the possibilities for filtering the sinusoidal dis-
turbances by proper design,

The analysis of the Beam satellite points the way toward flexible-
body analysis for all the designs of passive systems. The assumption
of rigidity must be examined quite closely when designing actual systems.
It would be especially important to examine the lateral vibrations of
the TRAAC spring, and also the higher modes of the Beam satellite.

The effect of higher modes tends to diminish in the TRAAC and Beam
systems as the size of the mass at the tip of the spring increases.
The analysis of non-rigid motions of these satellites can be carried
out using the techniques given for analyzing the Beam motion combined
with the Rayleigh=~Ritz method (STRUTIT 1),

It has been shown by example that the methods of Chapters II, III,
Vlare extremely useful in the analysis of connected satellites with
passive damping., The examples used shed some light on the properties
of the passive satellite designs and provide a framework for judging

and discussing future designs.
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CHAPTER VIII, SUMMARY OF IMPORTANT RESULTS

This dissertation is an attempt to illuminate the problems of passive
gravity=-stabilized satellites by devising appropriate analytical methods,
and by applying these methods to gain insight and quantitative information
upon which to base designs of future satellites,

The results of the study have been given in Chapters I1 through VI
(analysis) and Chapter VII (application), The contributions can be

classified under the following four headings.

1. Stability Methods
The chapter on stability methods (Chapter II1I) gives the results
of an application of Lyapunov's direct method to mechanical systems with
damping, The distinction is made between the total energy and the
Hamiltonian so that the choice of the Hamiltonian as a Lyapunov function
will be clearly understood; this distinction is important in the gyro=
scopically=coupled systems studied in later chapters,

Using the Hamiltonian as a Lyapunov function we can prove a theorem
giving the necessary and sufficient conditions for stability of a damped
mechanical system,

A corollary to this important theorem is the result that the stability
or instability of a mechanical system is independent of the functional
form of the power dissipation function as long as the power into the
system is negative. This means that in the attitude control systems
discussed in Chapter VII the functional form of the power dissipation
function is not a determining factor for stability., The stability of
such systems depends only on the sign definite nature of the Hamiltonian
function about the equilibrium point in gquestion,

The results on the boundedness of the motions of damped systems
and the capture of satellites ("global" questions in contrast to the
local nature of the stability theorems) are useful also in the problem
of the librations of a symmetrical satellite (Chapter V) and in the dis-
cussion of tumbling and capture (Chapters IV and VII),
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2, Motion of a Tumbling Satellite

The problem of a satellite tumbling in the gravity field and
under the influence of damping is a new problem which has attracted some
attention of late as a computer problem, but which, to the author's
knowledge, has not been attacked analytically. Chapter IV presents
approximate expressions for the motions of a simple tumbling satellite;
these expressions were derived using the asymptotic methods of non-linear
mechanics., Chapter VII, Section C presents an application of the method
of Chapter IV to the Vertistat satellite tumbling in the pitch plane.
These results show that the time to damp the tumbling motion increases
rapidly with initial tumbling angular velocity.

3. Approximate Time Response of Systems with Light, Non-Linear Damping

Chapter VI presents an asymptotic method for finding the envelope
motions of underdamped systems with non-linear damping forces. The main
results are a éet of first-~order, non-linear differential equations for
the envelope motions, and a theorem which compliments Rayleigh's theorem
on the dissipation function, The non-linear envelope equations have the
advantages that the oscillation envelope functions are much smoother and
more slowly-varying than the physical variables, and that the damping
forces need not be specified explicitly. This latter observation is the
non-linear compliment to Rayleigh's theorem that the damping forces can
be derived from a single "'dissipation function.' Our envelope equations
of motion depend only on the knowledge of a single function, the average
power dissipation; this function may be derived from empirical data and
assumptions or from the knowledge of the actual damping forces.

The above envelope response method is applied to a number of non-
linear problems in Chapter VII as well as to two examples in Chapter VI.
The method has the outstanding virtue that it can be applied with little
effort to systems up to three or four envelope variables (sixth or eighth

order).
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4, Application of the Methods of Analysis to Three Systems of Interest

Chapter VII consists of an analytical attack, using the methods
developed for the purpose, upon three interesting satellite designs.
These systems are the Vertistat, Beam, and TRAAC satellites,

The TRAAC and Beam satellites definitely have slower time response
capabilities than the Vertistat, The Beam has the virtue of getting both
pitch and yaw=roll damping from the same damping device. The TRAAC
design gets pitch damping from an elastic hysteresis device and yaw and
roll damping from magnetic damping rods.

The Vertistat has several advantages over the TRAAC and Beam designs,
they are: (a) increased yaw stiffness and damping, due to the horizontal
bars, (b) higher coupling of damper motions with body motions, due to the
horizontal bars and the fact that the coupling torques due to gravity and
inertia are in phase, (c) greater capability for damping because the de=
vice is not dependent upon "weak" damping forces such as elastic hysteresis.

The Beam system should be a very simple, reliable system for low=

performance missions.



APPENDIX A: THE NATURE OF THE HAMILTONIAN IN MECHANICS

In mechanics H is defined in terms of the kinetic and potential
energy expressions. This is true by analogy in electromechanics and
electrodynamics but the Hamiltonian form may be present in systems
with no easily identified physical significance, It is useful to trace
the physical significance of H in mechanical systems by deriving the
energy expressions directly from physical reasoning, The kinetic energy

is defined for a system of mechanical particles (non=~relativistic) as

M
T = Z mk ° R (Agl)
k=

for M particles (for continua we replace the sum by a Riemann-Stieltjes
integral).

The introduction of P holonomic constraints brings the number of
independent variables to N = 3M = P, Thus, Bk, the position of a
particle, can be expressed with respect to an inertial reference frame

as

k k
R* =R (q;,d550-0,0y,1) (A.2)

in terms of the N generalized coordinates q and the time, t., The
k
explicit dependence of the R on time may arise from rotation of

coordinates or time-varying constraints, We see that:

N
ék B Ek . Tﬁ aRk .
JI=E J

(A.3)

[ 3

1 o . . N . }

T= = y O, . + ; 5.9, t

2 VL Yttt /) Byt Y@
Jsb=1 j=1




where:

%L 3R" R
% = " S, G,
k=1 J
%L 65} BEk
By = L ™ ;™ ° W
k=1 J
%% agf 2
L J, Mk | ot
k=1

We now form H and get the expression for H in terms of (A.3).

N

A oL ¢ .
H = 2; EF— qk - L{q,q)

k= a4y

(A,4)
N
H = L ada - L+ v
Jss=1

If we call the homogeneoug part of the kinetic energy of degree n in

the velocities, Tn’ we have defined:

N
1 S . *
T. = = Q. q.9
2 2 Z 32%5%8
J, 2
N
o= ) pa.
1 L, By
J
1
TO 3 r(q)
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This leads to the important expression for H in terms of qi, qi:

(A.5)

where U=V = TO° This expression may be derived by inspection using

Euler's theorem on homogeneous forms (noticing T = T2 + T1 + To).

T0 is the same term that in vector mechanics gives the centripetal
acceleration on a particle while rounding a curve, The terms T1 and
T0 arise due to the expression of the equations of motion in a non=-
inertial reference frame, e.g.,, a rotating frame,

Let us notice that the total energy T + V is in general different

from H. This difference is
E-«-H=T + 27T (A,6)

and is in general not a constant, Thus, there is a fundamental dis=~
tinction that must be made between E, the total energy, and H, the
Hamiltonian., If agk/at = 0 then EF = Ek(q) (no rotations or time

dependent constraints), and T =T In this case E = H and the

Hamiltonian is the total energy. ?t is possible for agk/at £ 0 and
OH/At = 0; this occurs often in practice in cases of rotations of
coordinate frames, It is just these cases that are of interest in space
mechanics of satellites; here the total energy is never conserved ==
even in the absence of damping.

Let us add an additional coordinate onto the g=-space such that fhis

coordinate, V, does not appear explicitly in the expression for L.

We may therefore write, quite generally:

{ N .
(\‘ﬂ . 1 ° . °
T=T,+T, + T ) = i
P 1 ot j\./_: ajqj + 3 by + o}qf (A.7)
j=1 :

£
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where

Using the Routhian procedure (LANCZOS 1) to eliminate the cyclic

T

2’

T

l’

and T

BF

0

are as before and where

1l

[l

)

k=1

)

=
i
P

351‘
R ST

J3R*
"k | Oy

R
-

coordinate, 1V, we get the Routhian, R,

R =

2

+I o+ T -

k
E (qltqzr"'qu’ W’ t)

c *2
5 v

(A.8)

Using the notation of subscripts to denote the degrees of homogeneity

of the forms in q; we get

where

11
=




The symbol p denotes a constant of the motion, the momentum about

\ .
the»"w axis." Having eliminated the variable V from the expression
for the Routhian, R, which is the new "kinetic energy" we get the

equations of motion, given as

T a__ - 5& + a = QJ (A.9)

d_ (BR SR oV
. 3 J

with  determined by the expression = 5T/5$ . We see that al-

P
¥
though @ has been eliminated from consideration we still have the
equations of motion in Lagrangian (and thus Hamiltonian) form. We
may operate with R in place of T and derive H., This gives us

expressions corresponding to (A,5) and (A.6),

H = R2 + U = R2 + V = RO

2
(p, = b)
UV=vVv-rT + L

0 2¢c

E~H=T, +2T. + (p.~ by
; + 2T, (pw b)Yy
These equations show that there is a difference between the total energy
and H in the case of cyclic coerdinates even if T1 L TO = 0, These
systems in which there are cyclic coordinates or rotating coordinates
may be properly called "gyroscopic" because they are mathematically

analogous to the equations of a gyroscope,
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APPENDIX B: THE METHOD OF AVERAGING

The method of averaging has been used in various forms for many
years, notably in celestial mechanics. In recent years the Russian
school of 'differential equationists” has used the method and developed
its rigorous foundations. The modern version of the method of averag-
ing is largely due to the work of N. Krylov, N. Bogoliubov, and Y. A,
Mitropolsky (KRYLOV 1, BOGOLIUBOV 1); for this reason the method of
averaging is often called the KBM method.

Consider a differential equation with a small parameter, u,

dx

T - flx,t;n) (B.1)
where x 1is an n-vector, £ is an n-vector function of x and t
(time) with a parameter yu. If the function @(t,p), where p is an
arbitrary vector constant of integration, can be found such that it
satisfies the equation

g% = £(#4,t;0) (B.2)
then @ is called a ''generating solution' for equation (B.1). From
@ we will hope to form power series approximations in 1 to the equa-~
tion (B.D.

If we allow the constant vector p to vary with time {thus accounting

for the perturbations due to p # 0) for u # O we can arrive at a

differential equation in p as follows,

dx

dg _ og(t;p) 3g(t;p) |,
Gt T @ T ot t Top P

t(d,t;u) = £(F,t;0) + gﬁ (4,t;0) + pz.....
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where the symbolism Bﬂ/ap stands for the hessian matrix 5¢j/api-
Using (B.2) in the above gives the resulting differential equation
in p.

- -1
dp og [ 3t (F, t;0) 2
dt [ J . u _—#‘ + l‘l ( )l... (B‘3)

H

This equation is of the form

g% = pF(p,t;p) (B.4)

which is the "standard form" of Bogoliubov and Mitropolsky. Because
is small we expect that dp/dt will be small and therefore p varies
slowly with time. Assume that F(p,t;n) can be expanded in a trigono-

metric series in the following manner,

N jwkt
F(p,t;u) = F_(p;p) + Z F (p;ue (B.5)
==N
k#0
If we define the notation
T
F (p;p) = 1lim % \/“F(p,t;u)dt
° P00 0
(B.6)
N
~ F (p;p) ju t
k k
F (p,t;u) = j;‘ - e
a Ju,
k=-N
k#0

where Fo is the time average of F(p,t;p) with p held constant,
then the first approximation to the solution to the differential equation
(B.4) is

P= gw(t) +u gkﬂ,t;p) (B.7)
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where the "secular equation" for ﬁ(t)’ the "average p," is

dr
9t "M Fo(ﬂ,u) (B.8)

Notice that m(t) is the result of (B.8), the differential equation
of the standard form with its right-hand side averaged with respect
to time.

To determine the accuracy of the above first approximation, sub=—
stitute (B,7) and (B.8) into (B,4) and evaluate the remaining 'error

"
terms, €a

N
-y Jw, t
dp _ dn OF dn v
at =~ at ** et H /T (mu)e
==N
N
jwkt
= p F (mu) +u ZFRKK;Me
k==N

2 | OF(m,t;0) =, .. OF ]
v [———sifL—— o F(m,t;0) + 5; (n,t,o)]

t30)

€ = [—%—— i‘i(ﬂ:,t;O) + —\ﬁg‘:_'j_

Bg(ﬂ t;0)

-_T:-[.J_- ° FO(T[;O)] Fecscnnsco

This shows that the error in satisfaction of the differential equations

. 2
(B.4) by the approximation (B.7) and (B.8) is of order in °,
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The method of averaging forms the basis of the approximations used
in Chapters IV and VI. The basic first approximation given above can
be extended to solutions which asymptotically converge to the correct

solution (BOGOLIUBOV 1, Chapters V and VI).
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APPENDIX C: HAMILTON'S PRINCIPLE FOR CONTINUOUS AND DISCRETE SYSTEMS

For certain mechanical problems involving the interaction of rigid
bodies (finite number of degrees of freedom) with continuous elastic
members (infinite number of degrees of freedom) it is convenient to use
Hamilton's principle and the Calculus of Variations to derive the
differential equations of motion (mixed set of partial and ordinary
differential equations), This will be done in this appendix,

Let us consider Hamilton's principle stated in the form of a theorenm

in which the following notation is useful,

° ° ° o .
L =
L(qi’qi'aj’aJ’bJ’bJ’aJ’aj’Bj.Bj.t)
= the part of the Lagrangian involving only
the generalized coordinates of the dis=-
crete system
. . 9 ™ ° e .
£ = £(ad.,q.,a.,a.,b. ,b ,0. ,Q.,B8.,8.,0.,8.,8',6".8%,s,t)
q 99 32505205005 J'BJfBJ' 3P 5005900 5050
= the Lagrangian density, involving the
generalized coordinates of the discrete
system and those of the continuous system
as well,
qi = qi(t) = generalized coordinates of the discrete
system where (i = 1,2,.,,,N)
g. = @.(s,t) = generalized coordinates of the continuous
J J part of the system as functions of time and
the space variable, s. (j = 1,2,.e¢4,M.)
t = time (tl <t< t2)
s = space coordinate (independent variable) (0 < s < 4)
aj = ﬂj(o,t) = generalized coordinate at the boundary point
b, = g t)
J J(&'
= L
a, = 830,
.= B2 L,t)
BJ 3
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o

- 3
5o &
\ o,
B, = -
. 3%g
b, = S5
J sOt

Theorem {Hamilton's Principle): For the dynamical system described by

J-vbjoo{jpﬁjvﬁj G=1,2,.0.,0(=1,2,0..,0)

the generali%ed coordinates q; 2
and the generalized forces Qi'Aj'Bj’ég'Z%’ ®j’ the motion is des-

cribed by the "action integral," I, given by

(fz ¢ b
I= 6/ L dt + J[\ Jf £ ds dt (c.1)
1l o tl

in such a manner as to satisfy the "principle of virtual work" accord=-

ing to the expression
ty
51 = - f 5q. + Ada. + B 5b, +/(.50,
}j [Qlaql At IS (Q; 3
i, t

-+75.85. + \jﬁ ®.6¢.ds} dt
J 3 i3

(o]

(c.2)

where the variations (see LANCZOS 1) are taken under the assumption of
fixed end points in time but variable end points in space (s) and
where the second term of (C,2) represents the virtual work done by
external forces.

The use of the theorem in arriving at the differential equations
of motion is of interest here, Let us take variations of the first
integral in (C,1) and integrate by parts (using the fact that the
variations of gq, a, b, @, B,P yanish at the points t =t and

1

t = t2.
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2 2
oL d oL
= ~ — ( ;o a
o} fL dt Z f I:BE at i Sqidt (C.3)
- i ;.
t i t 1
1l
ty \ ty
L d OL oL d OL
» Z [s'a- a4t 3;-] Sajdt + Z [5;;- T —3—: }Sb.at
T ot J J T ot J ’bj
1 1
tz t2
OL d OL OL oL
= j oa, ~ Y OB,
J 1 J J 1 J
The variation of the second term of (C,l) is
tz
. oL ol "
) Lds dt = dt | ds \ — aﬂ + — Bf' + —— 54,
aﬂ' J 6¢? J
t1 o J
(C.4)

[terms identical to (C.3) with

as the Lagrangian.]

Integrating the first five terms of (C,4) by parts in both

fﬁdt

o]

s and

t

and collecting terms to form expression (C.2) gives the principle of

virtual work in coordinate form,

ST
aqi | dt

i=1 t

( Jj\) . dq.dt +
8&_ 1 i

1

=] 67~



> [ |, 2 [a | 2
3% | 5gr |7 32 | 5 ot |3

it

1=

(C.5)

L[~]=

<.
—

.
uMz

[S1N

3/\__ d 5/\_ + ZZ }SG.dt
dt . J J J
J
a/k d a/\ E
o at aé + ﬁ.] j’ 6ﬁjdt
J
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)
where we have defined -j\.= L+ \/qg ds.
0

Equating the terms multiplying the variations (independent) &b, dq,
54, da, Op, OF to zero by the fundamental lemma of the Calculus of
Variations (LANCZOS 1) gives us the differential equations of the con-

tinuous system, the discrete system, and the boundary conditions,

U TA- VAN

— =Q (c.e)

dt aq aq i

a [se)_ e  lx o [
at \5p | og, os|og 5 | e
j 3 ~ 3
2
. 9 L2 oo (s, (€e7)
Otds aﬁg J

{@s__ é_(és___a_ (és:__)
O R TR T I

+ '™ +A.}8a. =0 (C.S)
Oa, de a. J J ‘

¢ s M t e}
agj aﬁj Bﬂj =g

+ TS (BA) +B.}6b.=0~ (C.9)
J 3
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| ,
{ - + A f}t al/\‘ + W } da, = 0 (C.10)
agﬂ Boz, aa. J J
{ 2_7 + SA - d‘: : :A + ﬁj-} 88, =0 (C.11)
ﬁj s=4 Bj \ Bj

Equation (C.6) are the equations governing the discrete degrees of
freedom, Equation (C.7) are the partial differential equations governing
the continuous system. Equations (C.8), (C.9), (C,10), (C,11) are
boundary conditions on the space variables ﬂj, These boundary condi=
tions are either simple algebraic relations, if the variables a; b, &, B
are constants, or differential equations (natural end conditions), if

the variations Ba, db, 30, 58 do not vanish,

In the problem of Chapter VII of the equations of the beam satellite
the equations (C.6) govern the rigid body and Qi are rigid body torques,
(C.7) governs the beam motion, and the end conditions are "puilt~in"
at one end (50, 58 = 0) and are 'natural” at the other end, (C,10)

and (C,11) govern the motion of the end mass,
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